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Abstract 

This paper constructs and studies the Gromov-Witten invariants and their properties 
for noncompact geometrically bounded symplectic manifolds. Two localization formulas 
for GW-invariants are also proposed and proved. As applications we get solutions of the 
generalized string equation and dilation equation and their variants. The more solutions 
of WDVV equation and quantum products on cohomology groups are also obtained for the 
symplectic manifolds with finitely dimensional cohomology groups. To realize these purposes 
we further develop the language introduced by Liu-Tian to describe the virtual moduli cycle 
(defined by Liu-Tian, Fukaya-Ono, Li-Tian, Ruan and Siebert). 
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1 Introduction and main results 

This paper is a continuation of my paper [Lul]. In [Lul] we defined the Gromov-Witten invariants 
on semi-positive noncompact geometrically bounded symplectic manifolds by combining Ruan- 
Tian's method([RTl]) with that of McDuff-Salamon ([McS]), and also used them to generalize 
work on the topological rigidity of Hamiltonian loops on semi-positive closed symplectic manifolds 
([LMP]) to the Hamiltonian loops with compact support on this class of noncompact symplectic 
manifolds. Not long ago Jun Li and Gang Tian [LiTl] developed a beautiful algebraic method 
to establish general theory of GW-invariants on a smooth projective algebraic variety ( see [Be] 
for a different treatment) which satisfy the quantum cohomology axioms proposed by Kontsevich 
and Mannin in [KM] based upon predictions of the general properties of topological quantum 
field theory [W2]. Soon after several groups independently developed different new techniques 
to construct Gromov-Witten invariants on any closed symplectic manifolds (cf. [FuO, LT2, R, 
Sie]). Actually the method constructing Floer homology by Liu-Tian [LiuTl] provided another 
approach to realize this goal. These new methods were also used in recent studies of this field, 
symplectic topology and Mirror symmetry (cf. [CR, FuOOO, IP1-2, LiR, LiuT2, LiuT3, LLY1-2, 
Lu3-4, Mc2] etc.) In this paper we further develop the virtual moduli cycle techniques introduced 
in [LiuTl, LiuT2-3] to generalize work of [Lul] to arbitrary noncompact geometrically bounded 
symplectic manifolds. It should be noted that unlike the case of closed symplectic manifolds our 
invariants do not have the best invariance properties as expected. This is natural for noncompact 
case. But we give their invariance properties as well as we possibly can. Actually in many cases 
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one does not need very strong invariants because the almost complex structures are only auxiliary 
tools to realize the purposes in the studies of symplectic topology and geometry. On the other 
hand the initial insight came from physicist Witten's topological a models of two-dimensional 
gravity (cf. [Wl, W2]). According to Witten [Wl] the two dimensional nonlinear sigma model 
is a theory of maps from a Riemannian surface £ to a Riemannian manifold M . Gromov's 
theory of pseudo-holomorphic curves [Gr2] provided a powerful mathematical tool for it. The 
latter requires not only that M should have an almost complex structure, but also that M 
should have an additional structure-a symplectic structure. It is well-known that the existence 
and classification of the symplectic structures on a closed almost complex manifold is a difficult 
mathematics question. However early in his thesis in 1969 [Grl] Gromov completely resolved the 
corresponding question on an open almost complex manifold. 

Recall that a Riemannian manifold (M, /i) is called geometrically bounded if its sectional 
curvature is bounded above and has injectivity radius i(M, /i) > 0. (It is weaker than the usual 
one for which the absolute value of the sectional curvature is required to be bounded above.) Such 
a Riemannian metric is called geometrically bounded and is always complete. The existence of 
such Riemannian metrics were proved in [G] . Let 1Z(M) denote the set of all Riemannian metrics 
on M, and Q1Z(M) C 1Z(M) be the subset of those Riemannian metrics on M whose injectivity 
radius are more than zero and whose sectional curvatures have the upper bound. Clearly, QTZ(M) 
might not be connected even if it is nonempty. Let (M, ui) be a symplectic manifold and J{M, lu) 
be the space of all w-compatible almost complex structures on M. The latter is contractible and 
each J <G J{M, lo) gives a Riemannian metric 

gj(u, v) — w(u, Jv), Vm, v <E TM. 

A symplectic manifold (M, ui) without boundary is said to be geometrically bounded if there exist 
an almost complex structure J and a geometrically bounded Riemannian metric /x on M such 
that for some positive constants an and /3 , 

u(X, JX) >a a \\X\\l and \uo{X,Y)\ < (3 \\X\\^\\Y\\^ MX, Y e TM (1.1) 

(cf. [ALP, Gr2, Sik]). Later we also say such a J to be (u>, fj,)- geometrically bounded. In §2.1 we 
shall prove that (1.1) is equivalent to the fact that gj is quasi isometric to fi, i.e., there exist 
positive constants C, C such that 

C||u|U < \H\gj < C"|M| M Vm e TM. 

Clearly, the quasi isometric metrics have the same completeness and incompleteness. Denote by 

J(M,u>,n) (1.2) 

the set of all (w, /x)-geometrically bounded almost complex structures in J{M,lo). In Propo- 
sition 2.3 we shall study the connectedness of it. A family of Riemannian metrics (Mt)te[o,i] 
on M is said to be uniformly geometrically bounded if their injectivity radiuses have a uni- 
form positive lower bound and their sectional curvatures have a uniform upper bound. A 1- 
parameter family of (M, cu t , Jt, A t t)te[o,i] °f geometrically bounded symplectic manifolds starting 
at (M, u>o, Jo, Mo) = (M,u>, J, /x) is called a weak deformation of a geometrically bounded sym- 
plectic manifold (M, w, J, /j) if (i) both (wt)te[o,i] an d (Jt)te[o,i] are smoothly dependent t with 
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respect to the C°°-weak topology, (ii) (//t)te[o,i] i s a path in GTZ(M) and is also uniformly geo- 
metrically bounded, (iii) there exist uniform positive constants ao and /3o, and a distance d on 
M such that for all t € [0, 1] and the distance functions d^ t induced by fi t , 

{dp t > d, 
LJ t {X,J t X)>ao\\X\\l t and (1.3) 
\ut(X,Y)\ < P Q \\X\U\Y\\^ MX, Y G TM. 

Note that the C°-strong topology ( also called the Whitney C°-topology) on 1Z(M) does not 
have a countable base at any point for noncompact M in general. However, all metrics fi t of 
a C°-strong continuous path {^t)te[o,i] in TZ(M) are uniformly quasi isometric, i.e., there exists 
positive constants C\ and Ci such that 

CilMU, < ll«IU ^ ^NL Vu G TM and t G [0, 1]. 

We define a C° super-strong topology on Q1Z(M) as follows: Let (S, >) be a net in Q1Z(M), we 
say that it converges to fi G Q1Z(M) with respect to the C° super-strong topology if it converges 
to /i in the C°-strong topology and all metrics in the net are uniformly geometrically bounded. 
Clearly, a continuous path (/i t )te[o,i] in QTZ(M) with respect to the C° super-strong topology 
is always uniformly geometrically bounded. However it is still difficult to check that a path in 
Q1Z(M) is continuous with respect to the C° super-strong topology. Observe that the sectional 
curvature of a Riemannian metric is uniformly continuous with respect to the C 2 -strong topol- 
ogy on 1Z(M). By the local coordinate expression of the geodesic equations and the proof of 
the fundamental theorem of the linear ordinary differential equation systems it is not hard to 
prove that if a Riemannian metric g on M has the sectional curvature K g less than a constant K 
and the injectivity radius i(M, g) > then there exists a neighborhood U(g) of g in 1Z(M) with 
respect to the C°°-strong topology (actually the C 3 -strong topology seem to be enough) such 
that every metric h € U{M) has the injectivity radius i(M,h) > \i{M,g) > and the sectional 
curvature < K + 1. Therefore a continuous path (y«t)te[o.i] * n QTt(M) with respect to the 
C°° -strong topology is also a continuous path with respect to the C° super-strong topology. A 1- 
parameter family of (M, u> t , J t , /it)te[o,i] °f geometrically bounded symplectic manifolds starting 
at (M, wo, Jo, Mo) = (M 7 uj 7 J, /u) is called a strong deformation of a geometrically bounded sym- 
plectic manifold (M,u>, J, fx) if (i) both (u>t)t£[a .1] and (Jt)t^[o,i] are smoothly dependent t with 
respect to the C°°-strong topology, (ii) (Mt)*e[o,i] is a continuous path in Q1Z(M) with respect to 
the C° super-strong topology. It is not hard to prove that a strong deformation of a geometrically 
bounded symplectic manifold (M, w, J, fi) must be a weak deformation of (M, u),J,fi). Denote by 

Sym Po s (M, W ) (1.4) 

the connected component containing idu of Symp (M, w) with respect to the C°°-strong topol- 
ogy- 

For K = C,R and Q let H*(M,K) (rcsp. H*(M,K)) be the K-coefficicnt cohomology (resp. 
IK-coefficicnt cohomology with compact support). Given a geometrically bounded symplectic 
manifold (M, ui, J, of dimension 2n, A € H 2 (M, Z) and integers g > 0, m > with 2g + m > 3, 
let K G H„(Mg, m ,Q) and {«,}!<,<„ C H*(M,Q) U £T*(M,Q) satisfy 

E™ i degai + codim( K ) = 2ci(M)(A) + 2(3 - n)(g - 1) + 2m. (1.5) 
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If {cti}i<i< m has at least one contained in H*(M, Q) we can define a number 

WS(«;«ir',«™)eQ (1-6) 

in (4.7). When (1.5) is not satisfied we simply define QV^^'grn} (t; c*i , • • • ,a m ) to be zero. The 
following theorem summarizes up the part results in §4. 

Theorem 1.1. The rational number SW^ 9 ^\k; a\, • • • , a m ) in (1.6) has the following prop- 
erties: 

(i) It is multilinear and super symmetric on ai, ■ • • , a m . 
(ii) It is independent of choices of J G J(M, u, fi). 

(Hi) It is invariant under the weak deformation of a geometrically bounded symplectic manifold 
(M, u, J, n); specially, it only depends on the connected component of \i in QTZ(M) with 
respect to the C°° strong topology. 

(iv) For any ip e Sympg(M, uj) it holds that 

eW ( Z^' rJ) («;«!,■■■, *m) = GW%££(k; a u ...,a m ). 

It was proved in [Grl] that an open manifold M has a symplectic structure if and only if M has 
an almost complex structure and that every symplectic form wonM can be smoothly homotopy 
to an exact symplectic form through nondegenerate 2-forms on M. Therefore our Theorem 1.1 
implies: For a noncompact geometrically bounded symplectic manifold (M,u>, J, fx) if there exists 
a Gromov-Witten invariant GWjf'gm («; cti, • • • , ct rn ) ^ then it cannot be deformed to an exact 
geometrically bounded symplectic manifold (M,da,J\,Hi) via the weak deformation. 

In §5.1 two localization formulas (Theorem 5.1 and Theorem 5.3) for GW-invariants are 
explicitly proposed and proved. Here the localization means that a (local) virtual moduli cycle 
constructed from a smaller moduli space is sometime enough for computation of some concrete 
GW-invariants. They are expected to be able simplify the computation for GW-invariants. In 
particular we use them in the proof of the composition laws in §5.2. 

Let T m : A4 g , m — > A4 g . m -i be a map forgetting last marked point. It is a Lcfschctz fibration 
and the integration along the fibre induces a map (F m )t from £l*(Mg ym ) to Q*~ 2 (A4 g , m -i) (see 

(5.25) ). It also induces a "shriek" map {T m )\ from H*{M. gtW ,-i; Q) to H r+2 (M g , m ;Q) (see 

(5.26) ). As expected Theorem 5.8 and Theorem 5.9 give desired reduction formulas. 

Theorem 1.2. If (g,m) ± (0,3), (1,1), then for any k e H*(M gtm -i;Q), «i € H*(M;Q), 
ot2, ■ ■ ■ , ct m € H*(M; Q) with dega m =2 it holds that 

SW£^((^m)i(K); «i. ■ ■ ■ - a m) = a m (A) ■ GW^I^k; a 1; • • • , a m ^), 
OWtZmfo «i. ■ ■ ■ , a m -i, 1) = 5<* J) ((J m ),W;ai, ■ ■ ■ , 

Here 1 G H°(M,Q) is the identity. 

Having these two formulas, as in [RT2] we follow [W2] to introduce the gravitational corre- 
lators (Td ljai T<j 2ia2 • • • Td m . am )g,A in (6.5) and define the free energy function Fjf(t%;q) in (6.7) 
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and Witten's generating function F M (t^;q) in (6.8). It is claimed in our Theorem 6.1 that 
F M (t^; q) and F^ 1 q) respectively satisfy the expected generalized string equation and the di- 
lation equation under some reasonable assumptions (6.1). In addition we also construct a family 
of new solutions for a few variants of the generalized string equation and the dilation equation 
in Theorem 6.2, which are also new even for the case of closed symplectic manifolds. 

In the case that dim H*(M) < oo, our Gromov-Wittcn invariants also satisfy the composition 
laws of some form. Let integers gi > and rrii > satisfy: 2gi + m,i > 3, i = 1, 2. Set g = gi+ 52 
and m = mi + to 2 and fix a decomposition Q = Qi U Q2 of { 1 , • • • , to} with | Qi \ = rrii . Then one 
gets a canonical embedding tp Q : M gumi +i x M g2t m 2 +i — * M g , m - Let ip : M g -\ tTn+ 2 — » A4 s , m 
be the natural embedding obtained by gluing together the last two marked points. Take a basis 
{/%} of H*(M) and a dual basis {cut} of them in H*(M), i.e., (ujj,j3i) = j M Pi A Uj = Sij. Let 
r] ij = J M u>i A Wj- and c y = (_i)dog^ dcg^^^ Q ur Theorem 5.5 and Theorem 5.7 give the 
composition laws of the following forms. 

Theorem 1.3. Assume that dim H* (M) < 00. Letn e H*(M g -i, m+ 2, Q), anda t e if*(M,Q), 
z = 1, • • • , to. If some a t € H*(M, Q) tften 

^Jfm 5 ^*^) 5 " 1 ' '"i 8 ") = E Cij ' ^Xfl-im+a^"!' • • • ,<*„,, ft, /?,•)■ 

Moreover, let «j e H*(M. gitmi , Q), i = l,2, and a s ,a t € H*(M, Q) /or some seQ] and t £ Q 2 - 
Then 

ewi^ ) (^(MX« 2 );a 1 ,--.,a ro )=e(Q)(-l) desK ^ ieQl dega i £ 
E 7 ^ ■^wi7,sifii+i( K;i ;{ Q! '}ieQi ) / 3 fe) ' ^VV^;^ 2+1 (K2;/3i,{ai}i e Q 2 ). 

77ere g — gi + 02 and e(Q) zs ifte sign 0/ permutation Q — Qi U Q2 0/ {1, • • • , m} mift |Qi | = mi 
and |Q 2 | = »Ti2. 

If (M,w) is a closed symplectic manifold it is easily proved that they are reduced to the 
ordinary ones. However they are unsatisfactory because we cannot obtain the desired WDVV 
equation and quantum products. Indeed, for a basis {fti}i<i<L of H*(M,Q) as in Theorem 1.3 
and w — ^tif3i € H*(M,C), we can only define a-Gromov-Witten potential 

*( 9l a)H= E E ^ 

A£fJ" 2 (M) m>max(l,3-fe) 

^iX fc +ln([^o, fc+m ];a, W , • • • , w)q A . (1.7) 

and prove that they satisfy WDVV-equation of our form in Theorem 6.3. Here a = {on}i<i<k 
be a collection of nonzero homogeneous elements in H*(M,C) U H*(M,C) and at least one of 
them belongs to H*(M,C). Similarly, we can only define the quantum product on QH*(M,Q) 
of the following form 

<**«/?= Yl E^S^^^^aa.ftft)^^^. (1.8) 

AeH 2 (M) i,j 
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and in Theorem 6.5 prove that QH*(M,Q) is a supercommutative ring without identity under 
the quantum product. 

Using the method in this paper many results obtained on closed symplectic manifolds with 
GW- invariants theory may be generalized to this class of noncompact symplectic manifolds, i.e., 
the results in [Lul, Lu4 and LiuT2] (adding a condition dim_ff*(M) < +00 if necessary) and the 
relative Gromov-Witten invariants and symplectic sums formula for them in [IP1, IP 2 and LiR]. 

This paper is organized as follows. Section 2 will discuss some properties of the moduli 
spaces of stable maps in noncompact geometrical symplectic manifolds and then construct local 
uniformizcrs. The construction of the virtual moduli cycle is completed in Section 3. In Section 
4 we shall prove Theorem 1.1 and some simple properties for GW- invariants. Section 5 contains 
two localization formulas for GW-invariants and proofs of Theorem 1.2 and Theorem 1.3. In 
Section 6 we construct a family of solutions of the generalized string equation, dilation equation 
and WDVV equation, and also define a family of quantum products. 

Acknowledgements. I am very grateful to Dr. Leonardo Macarini for pointing out an 
error in the first version of this paper. I would also like to thank Professor Gang Tian for some 
discussions on the smoothness of virtual moduli cycles and concrete revision suggestions. The 
author thank the referee for pointing out an unclear point and a feasible revision. This revised 
version was finished during author's visit to ICTP Trieste and IHES Paris. I would like to express 
deep gratitude to Professors D. T. Lc and J. P. Bourguignon for their invitations and for the 
financial support and hospitality of both institutions. 

2 The stable maps in noncompact geometrically bounded 
symplectic manifolds 

In this section we first study almost complex structures on a geometrically bounded symplectic 
manifold and then discuss the pseudo-holomorphic curves and stable maps in this kind of man- 
ifolds. In §2.4 the strong L fe ' p -topology and local uniformizers will be defined and constructed 
respectively. 

2.1 Geometrically bounded symplectic manifolds 

We first prove the following proposition. 

Proposition 2.1. For a Riemannian metric fi on M, J e J{M,u) satisfies (1.1) if and only if 

the metric gj is quasi isometric to /i. 

Proof. If (1.1) is satisfied, then for any X e TM, 

ao||*IU < || JX\\ gj < (3o\\X\\^. 

Since || JX\\ gj — \\X\\ gj for every X e TM, gj is quasi isometric to \i. 

Conversely, assume that Ci||X|| M < ||X|| Si7 < C2 1 1 1 1 M for some positive constants C\, C2 and 
all X e TM. Then for any X, Y E TM we have 

\u{X,Y)\ = HJX,JY)\ = \gj(JX,Y)\ < \\JX\\ gj \\Y\\ gj < Cl\\XUY\\„. 
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That is, (1.1) is satisfied for a = C\ and /3 = Cf. □ 
Therefore a symplectic manifold (M, w) is geometrically bounded if and only if Q1Z(M) n 

{gj| JeJ(M, w )}^. 

Next we need to study the connectivity of J{M, u, fi). The first part of the following lemma 
is due to Sevennec (cf. Prop. 1.1.6 in Chapter II of [ALP] or Lemma 1.2.4 in [IS]). 

Lemma 2.2. Let (V,u>) be a In- dimensional symplectic vector space and J(y,uS) be the space 
of compatible linear complex structures on (V, u>). Fix a Jq G J(V,lo) and corresponding inner 
product go = g,j„ = u> o (Id x Jo). For W G End(V) let W l and || W|| 9o denote the conjugation 
and norm ofW with respect to g . Setting 

W Jo := {W G End{V) | WJ = -J W, W l = W, \\W\\ go < 1} 

then 

L:J(V,u)^Wj , J ^ -(J - J )(J + Jo)- 1 
is a diffeomorphism with the inverse map 

K = L 1 : W Jo -» J(V,w), J (Id- W)~ 1 (ld + W). 

Furthermore, if J = K(W) G J(V,ui) is such that for some a G (0, 1), 

9j(v,v) > a go(v,v) Vv e V 

then the smooth path (Jj = K(iW)) te ro j i] in J(V,tjS) also satisfies 

gj t (v,v) > a g (v,v) Vv G Vnndt G [0,1]. (2.1) 



Proof. We only need to prove the second part. Note that (Id — W) 1 (Id + W) is symmetric 
with respect to 50 and that 

gj(v,v) = go Mid - W)- 1 (ld + W)v) > a g (v,v) Vw G V 

if and only if 

min{ii^ I A G a(W)} > a , 

or equivalently, 1 > A > ^j. f or any A G a(W). It is easily checked that 1 > tX > t^=± > f^i 
for any t G [0, 1] and A G cr(W). (2.1) follows. ° □ 

Proposition 2.3. For any symplectic manifold (M,oj) the space J(M,io) is contractible with 
respect to the C°° weak topology. Moreover, for any geometrically bounded Riemannian metric \x 
on M with J(M,u),fi) 7^ 7 if Jo, Ji G J{M,uj,\i) satisfy (1.1) then there exists a smooth path 
(Jf)te[o.i] in J{M,lo) connecting Jo to Ji such that 

a 3 

uj{u,J t u)=g Jt {u,u) > -&\\u\\l \/u G TM and t G [0,1]. 
Po 

In particular J{M, u), fi) is connected with respect to the C°° weak topology. 
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Proof. J(M,uo) is always nonempty(cf. the proof of Proposition 2.50(i) in [McSa2]). Fix a 
Jo € J(M, to). Set g Jo = lo o (Id x J ) and 

W, 7o := {W G End(TM) | VF(x)J (x) = - J (a:)W(a;) ) W*(a;) = ||W(x)|| So < lVx e M}, 

where IF*(x) is the conjugation of W(a;) with respect to gj . It follows from Lemma 2.2 that 

J(M, lo) — > Wj , J i-> -(J - Jo)(J + Jo) 1 

is a diffcomorphism with respect to the C°° weak topology on them. Since Wj is contractible, 
so is J(M,u). 

Next we prove the second claim. Assume that J{M, lo, tz) is nonempty. Fix a Jo € J{M, ui, fi). 
Then for any J G J(M, w, iz) there exists a unique W G Wj such that J = J (Id- W) _1 (Id+W). 
Let Jo and J satisfy (1.1). We easily deduce that 

||Jb«IU<^NU hL<^\\Jou\\, 

II JuWp < — < — ||Ju||^ 

ao ao 

for all iz G TM. Using (1.1) again we get that 

™n{g J( Xu,u),gj{u,u))>a \\u\\ 2 and max(g Jo (u, u), gj(u, u)) < — \\u\\ 2 Vu G TM. 

a 

It follows from these that 

ff j(u, «) > -^.9./o («, «) Vw G TM. 
Po 

Note that we can assume that ao < (3o an d therefore < < 1. By Lemma 2.2, a smooth path 
J t = J (Id - tIF)" 1 (Id + iW), i G [0, 1] in J(M, lo) connecting J and Ji = J, satisfies 

2 3 

J t u) =g Jt {u,u) > ^g (u,u)> ^\\u\\ 2 Vu G TM and i G [0,1]. 
Po Po 

That is, J t G J(M, w, zz) for all t G [0, 1]. Proposition 2.3 is proved. □ 
Remark that the same reasoning may give the similar results for J r {M,uj) and J r {M, u>, J). 



2.2 Pseudo-holomorphic curves in geometrically bounded symplectic 
manifolds 

Let (M, oo, J, zz) be a geometrically bounded symplectic manifold satisfying (1.1). Since (M, J, zz) 
is a tame almost complex manifold we have the following version of Monotonicity principle (cf. 
[Sik, Prop.4.3.1(ii)]). 

Lemma 2.4. Let Co > be an upper bound of all sectional curvatures of /z and ro = 
min{i(M, zz), n/y/Co}. Assume that h : S — > M is a J -holomorphic map from a compact con- 
nected Riemannian surface S with boundary to M. Let p G M a?z<i < r < r &e such that 

p G /i(5) C B„(p,r) and /i(5S) C B^{p,r), 
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then 



Area M (MS)) > (2.2) 



In fact, by the comments below Definition 4.1.1 of [Sik] we may choose C\ = 1/tt and C 2 = 
f3o/a in the present case. Moreover, Cq in Proposition 4.4.1 of [Sik] is equal to J^° ra ■ 

Proposition 2.5([Sik, Prop. 4. 4.1]). Let (M,co,fi,J) be as above, and h : S — > M be a J- 
holomorphic map from a connected compact Riemannian surface S to M. Assume that a compact 
subset K C M is such that h(S) n K ^ and h(dS) C K. Then f(S) is contained in 

U^K, J^AreaXS))) = {p e M | d M (p, K) < -i&_Area„(fc(S))}. 

In particular, if S is a connected closed Riemannian surface then 

diam„(h(S)) < [ h*u. (2.3) 



7^5 r o J s 



Lemma 2.4 also leads to 

Proposition 2.6. Under the assumptions of Lemma 2-4, for any nonconstant J -holomorphic 
map f : £ — ► M from a closed connected Riemannian surface £ to M it holds that 



Proof. Assume that there is a nonconstant J-holomorphic map / : S — > M from a closed 
connected Riemannian surface £ to M such that 

[ t * . Koto 2 

Take z € £ and let S be the connected component of f~ 1 (B ll (p, 3r /4)) containing p = f(zo). 
After perturbing 3r /4 a bit we may assume that S is a Riemannian surface with smooth bound- 
ary. If dS ^ Lemma 2.4 gives 

This contradicts the above assumption. Hence S = £ and /(£) C -B M (p, 3ro/4). But 3ro/4 < 
i{M,n) and thus / is homotopic to the constant map. It follows that / is constant because / is 
J-holomorphic. □ 



2.3 Stable maps in geometrically bounded symplectic manifolds 

Following Mumford, by a semistable curve with m marked points, one means a pair (£; z) of 
a connected Hausdorff topological space £ and m different points z = {z\,- ■■ ,z m } on it such 
that there exist a finite family of smooth Riemann surfaces {T, s : s <G A} and continuous maps 
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7rs 3 : E s — > S satisfying the following properties: (i) each 7Ts s is a local homeomorphism; (ii) for 
each p e S it holds that 1 < ^^(p) — 2, an d all points which satisfy J2 S It^E, (p) = 2 are 
isolated; (m) for each z i; J^tt^ 1 (z^) = 1. 

The points in E s i ng := {p € E : X) s tt 7r £ 1 (p) = 2} are called singular points of S. Each 
singular point p such that ^^(p) — 2 is called the self-intersecting point of S. E s := 7T£ s (E s ) is 
called the s th components of E, and E s is called the smooth resolution of E s . Each is called 
the marked point. The points in ^^(Eging) (resp. ^^(z)) are called the singular points (resp. 
the marked points) on E s , respectively. Let m s be the number of all singular and marked points 
on E s and g s be the genus of E s . The genus g of (E; z) is defined by 

1 + Es 9s + ttlnter(S) - ttComp(E), 

where (jlnter(E) and (JComp(E) stand for the number of the intersecting points on E and the 
number of the components of E respectively. When m s + 2g s > 3 we call the component (E s ; z s ) 
stable. If all components of (E;z) are stable, (E;z) is called a staWe citrae of genus g and with 
m marked points. 

Two such genus g semi-stable curves (E; z\, ■ ■ ■ , z m ) and (£'; zj, • • • , z' m ) are said to be iso- 
morphic if there is a homeomorphism (f> : E — > E' such that (i) ^(z,) = z^, i = 1, • • • , m, and (ii) 
the restriction of to each component E s of it can be lifted to a biholomorphic isomorphism 
4> s t : E s — ^ E£. Denote by [E, z] the isomorphism class of (E,z) and by Aui(E,z) the group of 
all automorphisms of (E, z). Then (E, z) is stable if and only if Aut(T,,z) is a finite group. Let 
■Mg,m be the set of all isomorphism classes of stable curves with m marked points and of genus 
g. It is called the Delignc-Mumford compactifcation of the moduli space M. g , m of all isomor- 
phism classes of smooth stable curves with m marked points and of genus g. M. g - m is not only 
a projective variety but also complex orbifold of complex dimension 3g — 3 + m. 

For the above genus g semi-stable curve (E; z) a continuous map / : E — > M is called C l - 
smooth(7 > 1) if each /o7rs s is so. The homology class of / is defined by /*( [E] ) = X^(/ 07r sJ*P]- 
Similarly, for an almost complex structure J on M, a continuous map / : E — > M is called J- 
holomorphic if each / o 7T£ s is so. Moreover, for fixed k £ N and p > 1 satisfying fc — | > we 
say a continuous map / : E — > M to be L fc ' p -map if each / o 7T£ s is so. 

Definition 2.7([KM]). Given a genus g semi-stable curue (E;z) with m marked points and J- 
holomorphic map f from E to M a triple (/; E, z) is called a m-pointed stable J-map of genus 
g in M if for each component E s o/E the composition /o7Ts s : E s — > M cannot be constant map 
in the case m s + 2g s < 3. 

Two such stable maps (/; E, z) and (/'; E', z') are called equivalence if there is an isomorphism 
: (E, z) — > (E', z') such that f'ocf) — f. Denote [/; E, z] by the equivalence class of (/; E, z). 
The automorphism group of (/; E, z) is defined by 

A«t(/; E, z) - {0 G ^«t(E, z) | / o = /}. 

Then Aut(f; E, z) is a finite group. For a given class A <G H 2 (M, Z) let us denote 

A7 s>m (M, J, A) 

by the set of equivalence classes of all m-pointed stable J-maps of genus g and of class A in M. 
There is a natural stratification of M g , m (M, J, A), and the number of all stratifications is also 
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finite provided that {M, oj) is compact. If (M, u>) is not compact one cannot guarantee that the 
number of the natural stratifications is finite. In order to understand it better note that the 
following result can follow from (2.3) directly. 

Proposition 2.8. For any [/;E,z] € M gt m(M,J,A) it holds that 

diam„(/(£)) < -^-u(A). 

7ragr 



Fix k e N and p > 1 satisfying fc - | > 2. Following [LiuTl, LiuT2, LiuT3] we introduce 

Definition 2.9. Given a genus g semi-stable curve (E; z) with m marked points and a L k ' p -map 
f from E to M, a triple (/; E, z) is called a m-pointed stable L k p -map of genus g in M if for 
each component E s o/E satisfying (/ o 7T£ S )*([£ S ]) = e H 2 {M 1 'L) it holds that m s + 2g s > 3. 

Notice that the stable L fe ' p -maps are C 2 -smooth under the above assumptions. As above we 
can define the equivalence class [/; E, z] and the automorphism group Aut(f; E, z) of such a stable 
L fc ' p -map (/;£,z). Later, without occurrences of confusions we abbreviate (/;E,z) to f, and 
Aut(f; E, z) to Aut({). Consider the disjoint union E := U S E S , which is called the normalization 
of E. Denote by / := U s / o 7T£ s : £ — > M. We define the energy of such a stable L k ' p -m&p 
f=(/;E,z)by 

E(f) = \[w\ 2 = lL w? = \Y,i w°^)i 2 - 

Here the integral uses a metric r in the conformal class determined by and J-Hermitian 
metric g.j — fi, it is conformally invariant and thus depends only on jg,. It is easily proved that 
E({) is independent of choice of representatives in [f], so we can define E([f]) = E(f). If f is 
J-holomorphic then E(f) = J E f*u = w(/*([E])). 

Let B^ g m be the set of equivalence classes of all m-pointed stable L fe,p -maps of genus g and 
of class A in M. Then it is clear that 

M g , m (M,J,A)cBX g , m - 

For each [f] e Bf g m we set 

£% g , m = U %1 and %1 = ( U LUiA^irTM)))/ ~ . 

Here the equivalence relation ~ is defined by the pull-back of the sections induced from the 
identification of the domains. Following [T2] we associate to each stable map f = (/; E, z) a dual 
graph Tf as follows. Each irreducible component E s of E corresponds to a vertex v s in Tf with 
weight (g s ,A s ), where g s is the geometric genus of E s and A s = (/°7Te s )([E s ]). For each marked 
point Zi of Yj s we attach a leg lei to v s . For each intersection point of distinct components E s 
and E t we attach an edge e s t joining v s and Vt- For each self- intersection point of E s we attach 
a loop lo s to Tf is independent of the representatives in [f]. We define T[ f ] = Tf. The genus 
g(T[f]) of T[ f ] is defined by the sum of J2 8 9s an d the number of holes in T^j. The homology class 
A = /*([E]) = ^ s A s is defined as that of T^. 
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A genus g graph Y with m legs and of homology class A is called effective if there is a m- 
pointed J-holomorphic stable map f of genus g and of class A in M such that its dual graph 
Tf = T. For e > let T> e g m be the set of those effective genus g graphs T with m legs and of 
homology class A satisfying oj(A) < e. 

Following [LiuTl-LiuT3] M g , m (M, J, A) is equipped with the (weak) topology for which it 
is also Hausdorff. Notice that Proposition 2.8 implies that for any compact subset K C M the 
images of all maps in 

M g , m (M, J, A; K) := {[{} e M g , m (M, J, A) | /(E) n K ? 0} 

is contained in a compact subset of M, {x € M \ d /Jj (x, K) < Auj(A)/(Trr )}. We can follow [LiuTl] 
to prove 

Proposition 2.10. For any compact subset K C M, A4 g , m (M, J, A; K) is compact with respect 
to the weak topology. 

As in [RT1, §4 FO, Prop. 8. 7] it follows from this result that the following result corresponding 
to Lemma 3.3 in [Lul] holds. 

Proposition 2.11. For any compact subset K C M, 

Vl m (K) := {r e Vl, n | 3 [f] e M g , m (M, J, A; K) s.t. T [t] = T} 

is finite. 

2.4 Strong L fcp -topology and local uniformizer 

In this subsection we follow the ideas of [LiuTl-LiuT3] to construct the strong L fc ' p -topology and 
local uniformizers on B^ g m . We shall give the main steps even if the arguments are the same as 
there. The reason is that we need to know the size of these local uniformizers when we imitate 
the methods in [LiuTl, LiuT2, LiuT3] to construct the desired virtual moduli cycles in our case. 

2.4.1 Local deformation of a stable curve 

We review the local deformation of a stable curve a G M. g ,m in [FO]. Choose a representative 
(£, z) of a and let S = U S S S = U s 7rs 3 (2 s ) be the decomposition of S to the irreducible compo- 
nents as in §2.3. Firstly we describe the deformation of a in the same stratum. Let Vd e f orm {a) 
be a neighborhood of in the product J\ C 3fi,s 3 + ms The universal family induces a fiberwise 
complex structure on the fiber bundle Vd e form{°~) xS^ Vd e form(< J )- One may take the following 
representative. By unique continuation we can consider the direct product Vd e f orm (a) x S and 
change the complex structure in a compact set K de j orm {o-) CS\ (Sing(T,) U z) so that it gives a 
universal family. One can also take a family of Kahler metric which is constant in Y,\Kd e f orm {a). 
It can also be assumed that Vdeform (c) x E together with fiberwise complex structure and Kahler 
metric is equivariant by the diagonal action of Aut(S, z). These show that for every u e Vdeform 
we have a complex structure j u on a Kahler metric t u satisfying: 

(i) ju = jo = is outside K de for m {o-) CS\ (Sing(E) U z); 

(ii) t u — tq and is flat outside Kd e form{<j) CS \ (Sing(E) U z); 
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(iii) j u and t u depend on u smoothly; 

(iv) For 7 e Aut(T,,z) and u € Vd e f orm (<r) it holds that j 7 . u — j*j u and r 7 .„ = 7*t u . 

Let us denote E" by E equipped with the complex structure j u and Kahler metric t u . Then 
U{a) :— {<J U — [E",z] | u e Vde/o™^)} gives a neighborhood of a in the same stratum. 

Next we construct a parametric representation of a neighborhood of a in M. g , m by gluing. 
Since (E u ,z) is equal to (£, z) outside Kd e form(o') for every u e Vd e / orm (<x) and the gluing only 
occurs near Sing(E) we only need to consider S. Let V reso i ve (a) be a small neighborhood of the 
origin in IlzeSmg(s) ® r zt E. Here 7r Ss (z s ) = 7r St (z t ) (and s = t is allowed). Near Sing{H) 

the Kahler metric r = t induces the Hermitian metrics on T Zs E s and T Zt E t respectively. They 
in turn induce one on the tensor product T Zs T, s £g> T^Ej. For a vector v — (v z ) G V reso i ve (a) , if 
u z = nothing is made. If v z ^ we have a biholomorphism map <$> Vz : T Zs E s \{0} — > T Zt £ t \{0} 
such that u> <g> <fr Vz {w) — v z . Setting \v z \ = R~ 2 then for \v z \ sufficiently small (and thus R 
sufficiently large) the r-metric 2-disc D Zs (3i? -1 / 2 ) with center z s and radius 3-R" 1 / 2 in E s and 
Z? Zt (3i?~ 1//2 ) with center z t and radius 3i? -1 / 2 in E t are contained outside Kdeformip) U z. 
Later we assume V reso i ve so small that these conclusions hold for all v G K-esoiue- Using the 
exponential maps exp Zs : T Zs E s — > E s and exp Zt : T Zt E t — > £ t with respect to the metric r we 
have a biholomorphism 

exp" 1 *>$„, o exp" 1 : D Zs (R^ 2 ) \ # Zs (iT 3 / 2 ) - D Zt (R-^ 2 ) \ D Zt (R- 3 / 2 ). 

Clearly, this biholomorphism maps the internal (resp. outer) boundary of the annulus D Zs (i? _1 / 2 )\ 
D Zs (i? -3 / 2 ) to the outer (resp. internal) boundary of the annulus D Zt (i? -1 / 2 ) \ D Zt (R~ 3 / 2 ). Us- 
ing it we can glue E s and E t . Hereafter we identify D Zg (R^ 1 / 2 ) \ D Zs (i?~ 3 / 2 ) (resp. D Zt (R -1 / 2 ) \ 
# Zt (iT 3 / 2 )) with 7ra.(Dz.(i2- 1/2 ) \ £ Za (ir 3 / 2 ))(resp. ^(^(ii-Va) \ £ Zt (iT 3 / 2 ))). After 
performing this construction for each nonzero component v z we obtain a 2-dimensional manifold 
with possible some points in Sing(Y,) as singular points. Then wc define a Kahler metric (and 
thus a complex structure) on this new "manifold" . Notice that the construction in [FO] shows 
that this new metric is only changed on the glue part 

U v ^ D Zs (R-^ 2 ) \ D Zs (R- V2 ) = U v ^D Zt {R- 1/2 ) \ D Zt (R- 3 / 2 ). 

Therefore, if we choose the metric t u on the other part of this new "manifold" then a new stable 
curve (E^ ^z) associated with (u, v) e Vd e / orm (cr) x V res i ove {(j) is obtained. Moreover the 
corresponding complex structure j( UtV ) and Kahler metric t^ u v ^ only change on K de f orm (<r) U 
Kneckio^v) and depend on (u,w) smoothly, where 

K neck (a,v) := |J D^R-^yjD^R' 1 ' 2 ), 

and R z = |v z |~ 2 . We get a parametric representation of a neighborhood of a in A4 g . m by 

e/orm(^) X Vresoive (a) -> M g , m , (u,v) i ^ [E ( „ iV ),z]. (2.5) 
Notice that (E( M , ),z) = (E",z) for every u € Vd e /orm (c) , and that 

Kdeform U Z G 

£<„,„) \( (J J D Zs (3i? z - 1 )U J D Zt (3 J R z - 1 / 2 )|J^n 5 (S K „ ) )) (2.6) 
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for all (u,v) G Vdeform x V r esoive- It is also clear that Sing(H( UiV -)) C Sing(T,) for all such (u, v). 
2.4.2 Local deformation of a stable J-map 

Let [f] G _M s>m (M, J, A) and f = (/; £, z) be a representative of it. Then (S, z) might not be 
stable. For each unstable components E s we add one or two marked point (s) to S s according to 
whether S s contains two or one distinguished point(s). Since f is stable /»([£„]) ^ for each 
unstable component S s . So these added points can be required to be the smooth points of S, 
where the differential df is injective. Let y = {t/i, • • • , yi} be the set of all points added to S. 
Then cr := (£, z U y) is a genus g stable curve with m + Z marked points. By (2.5) we have a 
local deformation of a: 

V de form(<r) X V re solve(v) ~> M 9! m+I, («, ^ [S(»,v),zUy]. (2.7) 

Let us define maps f( UjV ) ■ ^( u ,v) M as follows. 

Step 1. For each u G Vd e f orm (a) the above construction shows E( u ,o) = ^ as 2-dimensional 
"manifolds". We define / ( „ i0) = /. However, f {ufi) : E (U)0) -> M might not be {j( ufi ),J)- 
holomorphic. 

iSiep £ For a vector w = (w z ) G V reso i ve (cr), if d z 7^ for some z G Sing(T,), we assume |u| so 
small that 7T£ 3 (£> Zs (3i? z ))U7Ti; t (3.D. 8 : t (ii. s ^ 2 )) is contained in S \ K,j e f orm (<r) where T( U; „) = r 
is flat. Here J? 2 = H" 1/2 . Let 

/Otis, (a:) =cx P/w (6(a:)), if ar € £> Zs (3R~ 1/2 ), 
fonv t {x) = exp f(z) (£ t (x)), if a; € D Zt (3R z 1/2 ), 

where £ s (a;) , £ t (a;) G Tf^M. Take a smooth cut function x : R — » [0, 1] such that 

J as r < 1 , 
X(r) = ( j agr > 4 ,0<x(r)<l. 

Denote by Xt>z( r ) = x(Rzf) for all r > 0. 

• If .t G 7T Ss (£)„ (2i?~ 1/2 ) \ D Zs (i?^ 1/2 )) = tt Ss (£)„ (2i?~ 1/2 )) \ tt Ss (£) z , (i?7 1/2 )) we define 

f(u,v){x) = exp /(z) [x^(|exp^ 1 (7r Ss 1 (x))| 2 ^(x)]. 

. li x e nj: t (D Zt (2R- 1/2 )\ D Zt (R- 1/2 )) = 7r St p Zt (2i?" 1/2 )) \ 7r Et p Zt (i?" 1/2 )) we define 

f(u,v)( x ) = ^/(^[x^dexp-^Trs^a;))! 2 ^^)]- 

• If x belongs to the glue part 

^(^(iT 1 / 2 ) \ D Zs (R- 3/2 )) = ^ t (D Zt (R- 1/2 ) \ D Zt (R~V 2 )), 
we define /(„,„) (a;) = /(z). 
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Near other singular points we make similar definitions. If x S S(„ jt) ) is not in 

UvM^. (D x . (2R- 1 ' 2 )) U 7r St (D zt (2R-^))) 

we define f( UtV )(x) = f(x). Clearly, /(„,„) : £( u ,v) — » is smooth in the sense of §2.4. It should 
be noted that the above definition of /(«,„) implies 

rfff(/(«,t>)(S(„ !t ,)),/(S)) := sup inf d M (f( u ,v)(x), f{y)) 

< 2maxi?7 1/2 

2max|^| 1 / 4 < 2H 1 / 4 , 
« 2 #' -II' 

where g?m is a fixed Riemannian distance on M. It follows that 

diam M (/ (Uii;) (£ (Uii;) )) < diam M (/(S)) + 4|^| x / 4 and (2.8) 

/(»,„)(£(„,„))) C{«£ M I d„(g, /(E)) < 4|«| 1 /4 } (2.9) 
for every e Vd e / orm (<7) x V re soive (cr) ■ 

Remark 2.12. For [f] = [(/;E,z)] € A4 s>m (M, J, A) and cr = (E, zUy) as above, since 
Vd e /orm(c) (resp. V^ eso i ue (cr)) is a neighborhood of the origin in the vector space Y\ s C 3fls 3 + m «+ « 
(resp. IlzeSmg(s) Tz^s <8> T Zt Yi t ) we can fix a <5f > such that the open ball Vj, with center 
and radius <5 f in the product space JT^ C 39s ~ 3+ " ls+(s x rLesws) ^z s E s ® r zt E t is contained in 
Vde/ O rm(o-) x KesoZ^e (o) ■ Moreover, (2.6) also implies 

f(u,v)(z j ) = f(z j ) VzjGz. (2.10) 

Furthermore we require <5 f > so small that each f( Ui „) = (/( U) „),E( U)t) ),z) is a stable L fe ' p -map 
and has the homology class A and the energy 

E(f M )<u(A) + l (2.11) 

since £(f) = u(A). 

2.4.3 Strong L fep -topology 

For e > we denote 

U e (5f) 

by the set of all tuples (<7( u ,„), E( Ui „),z U y) satisfying the following conditions: 



(u,v)eV Sf ; (2.12) 

: E(u,t>) M is a L fe ' p - map; (2.13) 

llff(u,«) — f(u.v)\\k, P < e, where the norm || • is measured with respect to the 

metrics T( u ,v) and gj = /j,. (2-14) 
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Note that our choices of (k,p) ensure that the norm || • is stronger than C 2 -topology. Therefore 
if e > is small enough then each gr UfV \ = (<7( U)t) ), E/ Uj „), z) is a stable L fe,p -map and has also the 
homology class A and the energy 

E(g {UtV) )<w(A) + 2 (2.15) 

because of (2.11). By making Sf > smaller we can assume that these hold for all < e < Sf. 
Moreover it follows from (2.8) and (2.14) above that 

max diam, t (5( U)t ,)(E( U)t ,))) < diam jU (/(S)) + AS 1 / 4 + 2e 

(u,v)£Vf 

for (u, v) G Vf . We can also assume that < e < Sf < 1. Then (2.9) and (2.14) imply 

IJ ffK,)(S M )c{g€Jlf|^( 9 ,/(S))<6}. (2.16) 

(u,v)ev t 

For each < 5 < Sf we denote by 

U«(f) := {( 9M ,E M ,zUy) G U tf (<S f ) | (u,v) G Va f , |(u,v)| < S}. 
Remark that the above constructions still hold for any [f] G B^ m A - Let 

u <5( f ) : = {[5(«,v))S (U)t ,),z] I (#(„,„),£(„,„), zUy) G U 5 (f)} C #^f m)j4 

and U = {U 5 (f) | f G [f] G Bf mA , < S < S f }. As in [LiuTl] wc can prove 

Proposition 2.13. U generates a topology, called the (strong) L k ' p -topology, on B g XI m A . The 
topology is equivalent to the weak topology on M g ^ n (M,J,A). 

Since A4 gim (M, J, A; K) is compact with respect to the weak topology for any compact subset 
K c M we get 

Corollary 2.14. There is an open neighborhood W of A4 g , m (M, J, A) in Bg f m A such that W 
is Hausdorff with respect to the L k ' p -topology. 

2.4.4 Local uniformizers 

Let f be as in §2.4.2. For each yj G y we choose a codimension two small open disc Hj C M 
such that (i) Hj intersects /(E) uniquely and transversely at f(yj), (h) f~ 1 (Hj) = f~ 1 {f(yj)), 
and (iii) Hj is oriented so that it has positive intersection with /(E). Let H = . Hj and 

U 5 (f,H) := {(j M ,S ( „),zUy) G U 5 (f) | 9( u ,v)(yj) € Hj V% G y} 

for < 5 < Sf . Slightly modifying the proof of Lemma 3.5 in [LiuT2] we have 

Proposition 2.15. For 5 > sufficiently small there exists a continuous right action of Aut(f) 
on Ua(f , H) that is smooth on each open stratum of~Us(f, H). Moreover this action also commutes 
with the projection 

U«(f,H) -» U 5 (f,H) C Bf m A , (§(„,„),E(„),zUy) i-» [#(„,„), £(„,„), z], 

and the induced quotient map Ua(f, H)/Aut(f) — > U 4 (f, H) is a homomorphism. Here Us(f, H) := 

Uy)eU«(f,H)}. 

By making <5f smaller we later always assume that Proposition 2.15 holds for all < S < Sf . 
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3 Virtual moduli cycles 



In this section we shall follow the ideas in [LiuTl-3] to construct the virtual moduli cycle. For 
this goal we give the necessary reviews of the arguments in [LiuTl-3] and different points. 

3.1 The local construction 

There is a natural stratified Banach bundle E 4 (f, H) — > U 4 (f, H) whose fiber E 4 (f , H) g at 
g(u,«) = (9M,S M ,zUy) is given by L^._ 1 (A°' 1 (g* u ^TM)). Here A^^TM) is the 
bundle of (0, l)-forms on £( Uj „) with respect to the complex structure ji u ,v) on ^(u,v) an d the 
almost complex structure J on M, and the norm || • ||fc-i, P in L p k _ 1 {h°' 1 {g* u ^TM)) is with 
respect to the metric r( Ui „) on £(„,„) and the metric /x (or gj) on M. The action of ^4ui(f) 
on U 4 (f, H) can be lifted to a linear action on Ej(f, H) g(it _ . such that the natural projection 
pt : E 4 (f , H) — ► U 4 (f , H) is a Aut(f )-equivariant and locally trivial vector bundle when restricted 
over each stratum of U 4 (f , H). Moreover there is a local orbifold bundle E 4 ([f]) — > U 4 (f , H) with 
E 5 (f,H) as the local uniformizcr. That is, E 4 (f, R)/Aut{f) = E 5 ([f]). The fiber E 5 ([f]) [h] at 
[h] e U,s(f, H) consists of all elements of L^_ 1 (A°' 1 (/i*TM)) modulo equivalence relation defined 
via pull-back of sections induced by the equivalences of the domains of different representatives 
of [h] . Consider the section 

Bj : U 4 (f , H) - E 4 (f, H), g (Ui1)) i ► 9 J5(U ,„). (3.1) 

As in [LiuT2, §5.1] we choose the previous each open disk Hj to be totally geodesic with respect 
to the metric gj so that the tangent space of U 4 (f, H) at g( Ui „) = (g( u ,v), S( Ui „),z U y), denoted 

b y T g( U ,„) U 5( f ' H )' is ec l ual to 

^(^TM.r^H) := G L k *(g{ UtV) TM), £( yj ) G T^-Vfc G y}. 

For G A 4 (f) = {(ti,y) G V*, | < 5} let 

U^^f.H) := {§(„,„) G U«(f,H)} and (f , H) := E 4 (f,H)|~c„,„ )(fH) . 

Following [LiuTl-2] one has the trivialization of E 5 "'^(f, H), 

i> (u ' v) ■ ^(f.H) x Ll^lff^TM) E< u ' B) (f,H) (3.2) 

obtained by the J- invariant parallel transformation of (M, J) . Under the trivialization the re- 
striction of the section Bj in (3.1) to XJ^'^ (f , H) has the following representative, 

F {u , v) = ^ o (^r 1 ° Bj : XJ^ v \f, H) Ll^if^TM). (3.3) 

Since the vertical differential 

D0j(f) : L k *(f*TM,T m K) - E 4 (f,H) f 

is a Fredholm operator its cokernel i?(f) C E 4 (f, H)f is finite dimensional. So 

(£>9j(f)) © If : (T f U s (f , H)) © R(f) - E 4 (f , H) f 
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is surjective, where If denotes the inclusion i?(f) E 4 (f, H)f. Note that Autf is a finite 
group. J2 ae A utf cr(R({ )) is still finite dimensional and Autf acts on it. By slightly perturbing 
J2aeAut f we can assume that ^4uif acts on it freely. We still denote i?(f) by this pertur- 

bation below. Take a smooth cut-off function 7 £ (f) supported outside of the e- neighborhood of 
double points of E(o,o) = S for a small e > 0, and denote by i? £ (f) = {7e(f ) • £ | £ € -R(f)}- Let us 
still use If to denote the inclusion i? £ (f) E 4 (f, H)f . ft was proved in [LiuTl] that there exists 
a sufficiently small ef > such that 

L f := (Ddj(f))®I t : (T f U«(f, H)) 8 Re(f) -> E 4 (f , H) f (3.4) 

is still surjective for all e G (0,e f ]. We may require £f > so small that the ef-neighborhood of 
double points of S, denoted by J\f(Sing(Y,), ef), is not intersecting with K de f orm (cr). Now we take 
< <5(ef) < Sf so small that when \(u,v)\ < <5(ef) our construction for {ft u , v )i ^(u,v)) ^ n 
only need to change f and E in the £f / '2 -neighborhood of double points o/S. Let Af(u,v;et) be 
a part of which is obtained after resolving the double points of S in ftf(Sing(Y,), ef) with 

gluing parameters v, and such that 

s («,t>) \ J^(u, v ; £f ) = S \ Af(Sing(T,),e f ) (3.5) 

as manifolds. Since v = in J\f(Sing(Y,),ef) each ^ S -R £f (f) can determine a unique element 
Kf( M ,t>)) °f ^fc-i(A 0,1 (/(*u v)TM)) for all deformation parameters (u, u) satisfying |(u, u)| < <5(ef). 

v(f(u,v))(z) = 



\{v(z) + J(f(z)) o o j (ttiV) ) if z e T, {UiV )\Af(u,v;e f ), 
if z e Af(u,v;et). 



Here is the complex structure on E( Uj „) obtained in §2.4.1. ft is clear that 

K f H) = KW on s («,t;) \N{u,v;ef) = E\N~(Sing(T,),et) 
for any \(u, v)\ < 5(ef). For each g( Uj „) = (ff(u,«)> ^(«,t>); 

z U y) e U«5 (ef )(f), using the J- invariant 
parallel transformation of (M, J) we get a unique element ^(g(„ lV )) € L^_ 1 (/\ a ' 1 (g* u v ^TM)) from 
i/(f( U) „)), which also satisfies: 

v(g(u,v)){z) = for 2 eM(u,v;e f ). (3.6) 

This gives rise to a section 

v : U 4(£f) (f,H) -> E 4(£f) (f,H), g (tti „) 1 > v(g( u ,„)), (3.7) 

which is continuous and stratawise smooth. Clearly, i) — Q as v — Q. If^^O and 5(et) > 
sufficiently small then £'(g( U; „)) 7^ for all < S(ef), i.e., v is not equal to the zero at any 

point of lLj( ef )(f, H). Take a basis (vi,--- , ^g) of i? £f (f). We require each v 3 ; so close to the origin 
of R €f (f) that 

su P{|l^(g( u.v) ) 1 1 ■ S(u,u) 

eU 4(£f) (f,H)}<l (3.8) 

for j = 1, • • • , q. For convenience we denote by 

Wf := U 4(£f) (f,H) and W t := U 4(£f) (f,H) - w t (Wf), 

Ef := E 4(£f) (f,H) and Ef := E tf(ef) (f,H). 
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Take a Au£(f)-invariant, continuous and stratawise smooth cut-off function (3f on Wf such that 
it is equal to 1 near f and that 

C/ f ° := {x e W f | fc(x) > 0} CC W f . (3.9) 

Hereafter the notation A CC B denotes that the closure Cl(A) of A is contained in B. Let 

Vf° := Int({z e W f | /3 f (x) = 1}). (3.10) 

and Vf = 7Tf(Vf ). Then V" f ° = (7Tf ) _1 (Vf°), and it is also a Aut(f )-invariant open neighborhood 
of f in Wf. Let 

•-, •"..-./ 1. ••••'/• (3.H) 
Each Sj is a stratawise smooth section of the bundle Ef — > Wf, and for j = 1, • • • , g, 



{h G W f | «j-(h) 7^ 0} = ?7 f and sup{||s J (h)|| : h e W f } < 1. (3.12) 

(u,v). 



Here the second claim follows from (3.8). For any 

I Ml < W^ = ugJf.H) and 



s 



: Wf — > L^_ 1 (/* U)t) )TM) (3.13) 



be the representative of the restriction of the section to Wf U ' v ^ under the trivialization in (3.2), 
j = 1, • • • , g. It is easily checked that for j = 1, • • • , g, 

Sj"'^ (g(u,t;)) = /3f(g(«,i;)) ' Vj(f(u,v)), and thus 

d^W*)) = (T S(UiV) W^ - IL^/^TM)) if g (Ui1)) e V* 

Moreover, since Z{dj) n Cl(Uf) is a compact subset in Wf there exists a constant c(/3f ) > only 
depending on /3f and an open neighborhood N(Z(dj) n Cl(Uf)) of it in Wf such that 

ll^W.to)!! < c(/3 f ) v g(M ,„) e AA(z(a, 7 ) n ci(u f )) n w f ( ^ } (3.15) 

for \(u, v)\ < 6(ef) if S(ef) > is small enough. Here Z(dj) is the zero set of the section 
Bj : Wf — ► Sf . Note that the map Lf in (3.4) being surjective is equivalent to that the map 

Tf\jf ( ^(f,R) xR^ LUif^TM), 

q 

(6 ti, ■ ■ ■ , t,) -> dF (0i0 ) (f)(0 + X! ^"i 

j=i 

is surjective. By refining the gluing arguments in [McSal] and [Liu] the following result was 
proved in [LiuTl] . 

Lemma 3.1. For sufficiently small S(ef) > 0, \(u,v)\ < S(et) and g( Ul „) e[/»nw f H the map 
T^.JU? n W f ( ^ } ) x K* L p k _ l {f* uv - ) TM), 
(£; ei , • • • , e,) i ^ di^u.v) (g(„,„))(0 + ^2 e i s f' V) iS(u,v)), 

3=1 
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is surjective. In particular the map 

T glUtV) U? xR* ^ LLM^TM), 

q 

is surjective since T g(u tj) (C/ f ° n W^"'" 5 ) C T g(u ^[7°. 

For 77 > let ITi be the projection to the first factor of U® x B^R 9 ). Consider the sections 

T< f > : U$ x B v (R q ) - n^ f , (h,t) 1 ► dj(h) + ^i j s j (h), 

and T^ f) = T( f )(-,t) : f7 f ° -> £ f for t = (t 1; ■ ■ ■ ,t g ) e B^(M 9 ). Clearly, they are the continuous 
and stratawise smooth. For any |(u, v)\ < 5(et) let Y( f;u >' y ) be the restriction of T^ f ^ to (Uf n 
Wf"'"^) x B r/ (R 9 ). As in (3.3), under the trivialization in (3.2) Y^'"'") has the representation 

U? n x B„(R«) -+ LUif^TM), 

Q 

(g(u,«))t) ^ ^(u,i,)(g(u,i;)) + X] e j'4 U ' U) ( g (".- y ))- 

Its tangent map at (g(„ lV ),t) G Vf° n Wf" x B^(]R 9 ) is exactly given by 

T S(u ,jV f ° n W^ v) ) x R* - L*_M^ V) TM), 

1 

(£;ei,- • ,e 9 ) h-> dF ( „ )t)) (g (Ui „ ) )(0 +^(e j s^'" ) (g ( „ iV) ) +i j dsj"' u) (g ( „ ; „ ) )(0) 

= dF( U)t ,)(g (ttiV) )(0 +^e J ^" ,t ' ) (g (Ujt , ) ). 
i=i 

Here the final equality is because of (3.14). By Lemma 3.1 it is surjective. For any given open 
subset V f 0+ C U$ with V { ° C V f " + CC f/ f °, it follows from this and (3.6) that if 77 > is small 
enough the map 

1 

(£;ei,-- ■ ,e 9 ) i-» dF (U)t)) (g (Ui „ ) )(0 + ^(ejS^' ,;) (g (tti „ ) ) + ^•dsj u ' , ' ) (g (U)t , ) )(0) 

i=i 

is surjective for t e B I( (R 9 ). So we get immediately 

Proposition 3.2. For any given open subs et V f 0+ C U$ with V t ° C V f 0+ CC f/f , i/iere exists a 
sufficiently small n = rjf > such that the restriction of to each stratum of V { 0+ x B,,(R 9 ) 
is transversal to the zero section. So there exists a residual subset B^ es (R 9 ) in B^R 9 ) such that 
for each t € B^ es (R 9 ) the restriction of the section : V f a+ — ► i?f to each stratum of V f 0+ is 
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transversal to the zero section. Consequently, for each t G B™ S (M 9 ) ; M{ff := (Tff ) | f> „+)- 1 (0) 

is a stratified and cornered manifold in Vy + that has the (even) dimension given by the Index 
Theorem on all of its strata. Moreover, any two different t , ti G B 7 n es (M. q ) give cobordant 
stratified and cornered manifolds M(i) to and A4(f) tl . 

3.2 The global construction 

The main ideas still follow [LiuTl-3]. But we need to be more careful and must give suitable 
modifications for their arguments because our Ai gtm (M, J, A) is not compact. 

For any [f] = [/; £, z] G M g , m (M, J, A), let W { = U 5 ( £f )(f, H) as above. By (2.16), 

U ff(«,t-)(S(„,„))c{i/eM|d„(|/,/(S))<6}. (3.16) 

Fix a compact subset K C M, and denote by 

X, := {y e M | d„(i/, Jf ) < jC}, j = 1, 2, • • • , (3.17) 

where 

(7 = C(a<>, ft, Co, i(M, //)) = 6 + -^- W (A). (3.18) 

7ra r 

It easily follows from Proposition 2.8 and (3.16) that 

U IJ g(u,v)(Z(u,v)) C K j+1 (3.19) 

[f]€AT 9 , m (M,J,A;^) g(u ,„ ) eW f 

for any j = 0, 1, 2, • • • . Since each A4 gjTn (M, J, A; Kj) is compact we can choose 
f W S M,, m (M, J, A; iiTo), i = 1, • • • ,n , and 

f (<) G M,, m (M, J, A; K j+1 ) \ M g , m {M, J, A; Kj), i = rij + 1, • • • , rij+i, 

j = 0, 1, 2, such that the corresponding V® (i) as in (3.10) and W f a) satisfy 

uZi V m ^ M g , m (M, J, A; Kj) and u£i WfM = (3.20) 

for j = 0, 1, 2, 3. The second requirement is needed later and can always be satisfied because we 
may add two disjoint open subsets to Wfw , i = 1, • • • , n$. 

Abbreviation Notations: For i = 1, 2, • • • , ns, we abbreviate 

Wi = W tw , = W tw , Ei = E tw , Ei := E tW , 

Uf = Eft, , U« = Eft, , V? = V t % , ^ := l& , 

7rj = 7r f (i), ri=Aui(fW), [3i=(3 {W , 

As in (3.11), for i = 1, 2, • • • , 713 let §ij, j = 1, • • • , be the corresponding sections of the bundle 
Ei — > VFi such that 

{h G I 5«(h) ^ 0} = E/°, sup{||5y(h)|| : h e Wi} < 1, (3.21) 
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and that the corresponding conclusions with those in Lemma 3.1 and Proposition 3.2 hold, i.e., 
Lemma 3.3. For any \{u,v)\ < Si and S{u,v) e n wj; u ' v ^ the map 

(£; ei , • • • , e gi ) ~ dF$ v) (g (u ,„))(0 + E?Li ei*& ,, ' ) (g(«,v)) 

and t/iws 

K; ei, ■ ■ ■ ,e w ) i-» ^^(g^XO + E*=i ej*i"'" ) (g(«,«)) 
is surjective, i = 1, • • • , 713, w/iere 

are i/ie representatives of the sections dj,Sij : Wi — > 2?* under the trivialization as in (3.2). 
Moreover, for any given open subset C f/f with Vf C V^ 0+ CC Uf, there exists a sufficiently 
small r)i > such that for any \(u,v)\ < Si, g( Ul „) € and (tii,- • • ,U qi ) G B m (M 9< ) t/ie maps 

r^.,.,^ x R»- LUif^TM), 

(C;ei,- • • ,e 9i ) ^ <if(i 1 ,)(g(t.,t;))(0 +E*Li(ei*i"' , ' ) (g(ii,t,)) + *«<&i"' , ' ) (g(t.,i;))(0) 
is surjective, i = 1, • • • ,713. 
Denote by 

W^U^Wi and £:=££ fl J w . 

The proof of Lemma 4.2 in [LiuTl] or that of Theorem 3.4 in [LiuT2] showed: 

Lemma 3.4. W is a stratified orbifold and £ — > W is a stratified orbifold bundle with respect 
to the above local uniformizers. 

Let Af be the set of all finite subsets I = {ii, ■ ■ ■ , i{\ of {1, • • • , n^} such that the intersection 
Wj := Hi^iWi is nonempty and that i\ < 12 < • • • < %h if k > 1. Then each I £ J\f has the length 
|/| = tt(-T) < ri3 because of the second condition in (3.20). Define Ej := £\wj- For each I E J\f 
denote by the group Tj := Yliei ano - the fiber product 

W?' = {( Ui ) ieI el[Wi\ m(ui) = ^(uj) Vi, j e /} 

equipped with the induced topology from nf=i Wii • Then the obvious projection 7Tj : VK^ 7 — ► 14 7 / 
has covering group T/ whose action on Wf 1 is given by 

0/ ■ («i)i € j = (^i ■ «i) ie j, W>/ = {(pi)iei € T/. (3.22) 

(Hereafter we often write (v^,- • • as (vi)iei.) Namely, 717 induces a homomorphism from 

Wf'/Ti onto Wj. Moreover, for J C I € N there are projections 

jr^wF'-Wj-', (ui) ieI -> («,-)*=./, (3.23) 



23 



and Aj : Tj — > Tj given by {4>i)i^i i— > (4>j)j e j. Later we also write Aj as Aj if 7 = {?}. Note 
that 7r^ is not surjective in general. Repeating the same construction from Ei one obtains the 
bundles pj : E]' -» W} r ' and the projections ft/ : £p -» £j and ft^ : as J C I. 

Their properties may be summarized as: 

Lemma 3.5. (i) njonj = if.j°^i an d njollj = ifjollj for any J C I £ M and the inclusions 

<)[, : U / • Wj, if j : Ej • /:.,. 
(ii) 7fj o — \j((f>i) o TTj and Uj o <pj = \j((f>i) o Ilj /or any J C I £ Af and ^; e T/. 
(ii) TTie obvious projection pi : E^ 1 — > Wj 1 is equivariant with respect to the induced actions of 

Ti on them, i.e. pj o ipj = tpj o /or any € Tj. 
(hi) ttj o pj = poUj £ T/, and 7r j ° Pi ~ p.j ° II j /or any J C I £ A/", 
(iv) TTie generic fiber of both and II j contains |r/|/|rj| points. 

Therefore we get a system of bundles 

(5 r ,w r ) = {(fp,wf J ).*/. fij.rj.irJ.nS, AS \Jcieu}. 

Note that as proved by Liu-Tian each {E^ 1 ,Wj') is only a pair of stratified Banach varieties 
in the sense that locally they are finite union of stratified Banach manifolds. For reader's con- 
venience let us explain in details the arguments in terms of the concept of "local component" 
in [LiuT3] . A continuous map from a stratified manifold to another is called a partially smooth 
( abbreviated as PS) if it restricts to a smooth map on each stratum. Similarly, in the partial 
smooth category one has the notions of the PS diffeomorphism, PS embedding and PS bundle 
map (resp. isomorphism). 

For I = {i\, • • • , ik} £ N with k > 1 let uj £ Wj 1 be given. We choose a small connected 
open neighborhood O of Ui = ttj(ui) in Wi and consider the inverse image 0(u,,) = 7r^~ 1 (0) of 
O in Wi t , I = 1, • • • ,k. Then each 0(u^ ) is an open neighborhood of in Wj, , and the stabilizer 
subgroup r(u il ) of 1^, at u i; acts on 0(ui t ). If O is small enough, for any fixed s £ {1, • • • , k} it 
follows from the definition of the orbifold that there exist PS diffeomorphisms \ isil : 0(u is ) — > 
0(«i,) mapping u is to Uj,, and group isomorphisms .4^, : r(u il ) — > r(u il ) such that 

A isii o = _4 isii (0) o \ isil (3.24) 

for £ T(u is ) and / e {1, • • • , fc} \ {s}. These PS diffeomorphisms X igil (s ^ I) in (3.24) 
arc unique up to composition with elements in r(u is ) and r(wj,). Namely, if we have another 
PS diffeomorphism A- sij : 0(u is ) — » 0(ui,) that maps u is to Uj,, and the group isomorphism 
:r(« is ) ^r(^) such that 

\' isil o(j) = A' isil (<£) o X' isii 
for any </> £ T(u is ), then there exist <f)i s £ r(u is ) and £ r(u,,) such that 

A^, = <fe o A- sii and X isil = \' ish o <j> is . 
In particular these imply that 

Ku ° Kn = 4>i s and Ku ° Kn ° Ku = 0i s - 
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for some 4>i s ,4>' i G Y(ui s ) if s ^ l,t and I ^ t. For convenience we make the convention that 
K s i s = ido(u is ) and Ai s i s — lr(u is ). Then we have |r(u is )| fe_1 PS embeddings from 0{ui s ) into 
Wf 1 given by 

fa o Af : u s ^ ((f> t o X iei (u s )) ieI , (3.25) 
where Af = (X lsl ) ieI with X lsU = id (n is ), and fa = (fa)iei belongs to 



K 

r(u 7 ) a := {(0i) ie / e n r («*i) I = x }- 



(3.26) 



Hereafter saying 0/ o Af to be a PS embedding from 0(u» s ) into T4^ J means that 0/ o Af is a PS 
embedding from 0{u is ) into the PS Banach manifold Hz=i an d tna * the image faoXj (0(m» s )) 
is in W^ 7 if 7 = {ii, ■ ■ ■ , ik}- Furthermore, (u^ , • • • , Ui k ) G Ilf=i ^(wi, ) C IIzLi i s contained 
in Wf 1 if and only if 

(1%,- • • ,U ife ) = 0/ O Af(UiJ 

for some 0/ G r(u/) s . So the neighborhood 

k 

d(uj) :=ir 7 \0)=(j[0(u il ))nW^ 

i=i 

of uj in can be identified with an union of |r({tj s )| fc 1 copies of 0(u is ), 



|J ^oAf(0(^J). 

4>ier{u I ) B 

Clearly, for any two different elements fa, fa in T(ui) s we have 
0/oAf(O«))n# oAf(0«)) = 

{(<& o A is i(u)) ie / | £ G 0(u ia ) & (0i o X is i(v)) ie i = (fa o A isJ (£)) je /} 3 {it/}. 

In order to show that W^ 1 is a stratified Banach variety, we need to prove that these |r(itj 
sets, fa o Af {0(ui 3 )), fa G r(u/) s are intrinsic in the following sense that 



(3.27) 



(3.28) 



ifc-i 



{fa o Af (0(ui.)) | fa G r(«j) a } = {0/ o A* (0«)) I ^ G r(iij),} (3.29) 

for any two s, t in {1, • • • , k}. This is easily proved, cf., [LuT]. 

Similarly, (by shrinking O if necessary) using the properties of orbifold bundles one has also 
the PS bundle isomorphisms 

^isH '■ E i B \o(u ls ) — > E ii\o(u H ) (3.30) 
that are lifting of X isil , i.e. X isil ■ p is = p k ■ K lsk , to satisfy 



O A,;.,;, 



(3.31) 



for any <j) G T(ui e ) and i G {1, • • • , k} \ {s}. Hereafter 



$ : Ei s \o(i. is ) -» ^*Jo(ui.) (resp. A^,(0) : 75;, lo^,) -» T^Jo^)) 



(3.32) 
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is the PS bundle isomorphism lifting of f> (resp. Ai 3 i t (4>)) produced in the definition of orbifold 
bundles. (Here we understand </>i, G to acts on E^ via 4>i t ■ ^ — $ij(0 with = \w i[ {<Pi t ) 
the lifting bundle automorphism of and £ G E it .) It is easy to see that maps Ei^o^^) 
to Ei^Q^y In particular the restriction of it to E^q^.^ is also a PS bundle automorphism 
of -Ei,|o(« i( ) that is a lift of still denoted by So for the above Af = [Xi s i)iei with 

Ai s i s = id (u is ), and 0/ = [<pi) ie i G r(u/) s we get the corresponding 

:= (*i) i6 j and := (A isi ) ie7 , (3.33) 

where we have made the convention that 

$ is = 1 and A lgis = id^^ | . (3.34) 

Corresponding with (3.25) we obtain ir^JI*" 1 PS bundle embeddings 

o Af : £Jo(^) - f -> (*i o A i . i (|)). e/ (3.35) 

for 4>i G r(u/) s . Clearly, each map 

o A°(E is | 0(fl4<) ) - ^ o Af (O(O), 
($i o A isi (|)) . e/ h-> (^ o X isi (Pis(i))) ieI 

gives a stratified Banach vector bundle over the stratified Banach manifold <f>j o Af (0(u is )), and 
U */°AJ(^.| 0(fi(<) ) = ^| 

Corresponding with (3.28) and (3.29) we have also: 

$ J oAf(^ s | (^))n^°Af(^ 8 | 0(fiiJ ) = 

_ (3.36) 
{($* ° Ki(0) ieI | I G ^lo(^) & (*i ° A isi (|)) ie7 = (*< o A isi (0) i£j }. 

for any two different <fii,ipi in r(u/) s , and 

{^oAf^jo^j) | J er(«j) a } = {$joA* J (s it | o(fiit) ) | 0jer(uj) t } (3.37) 

for any s, t G {1, • • • , k}. Therefore E^ 1 — > Vt 7 ^ is a union of |r(u is )| fe_1 stratified Banach vector 
bundles near uj. 

Remark 3.6. By shrinking O we may also assume that each \ isil in (3.24) is not only a PS 
diffcomorphism from 0(ui s ) to 0(ui,), but also one from a neighborhood of the closure of 0(ui s ) 
to that of 0(ui t ). In this case the union in (3.27) may be required to satisfy: 

f If v € U^ e r(« J ) s 0/ ° A ! and t> £ 0j o A^(0«)) for somei, 

| then 5^ C/(^ o A* (O(O)). 

In fact, if v G C7(0j o Aj(0(u, t )))\^)/ o Af((3(u it )) then there exists a unique J G Cl(0(u it )), 
which must sit in Cl(0(u it )) \ 0(u it ), such that f>i o Xj(x) = v. Moreover, since v belongs to 
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some fa o X s j(0(ui s )) one has a unique y € Cl(0(iii s )), which must sit in 0(ui e ), such that 
4>'i ° (y) — ^ ■ So 0/ o Aj(x) = 0f o Af (y). For the sake of clearness we assume t = 1 and s = 2 
then 

(x,fa 2 o A ili2 (5), ■■■ ,4>%h° KiAx)) = ° Ai 2il (y),y,^- 3 o X i3il (y), ■■■ ,<t>' ik ° K 2 i k {x)). 

Therefore 5 = ^ o Aj 2 j 1 (y). Note that both PS diffeomorphisms ^ and A^ map 0(ui 2 ) to 
0(11^). We deduce that x — ^oX^iy) € C^u^). This contradicts that x G (^(O^J^C^u^). 
Equation (3.38) is proved. Similarly, we also require that 

If I e U* ier(Sj ) s ° A f (O(fiiJ) and | ^ o A* (0«)) for somei, 
then | £ C7($/oA*(0«))). l ' J 

Later we always assume that (3.38) and (3.39) hold without special statements. 
In terms of [LiuT3] we introduce: 

Definition 3.7. The family of the PS embeddings given by (3.25), {fa o Af | fa G F(u/) s } ; 
is called a local coordinate chart of W^ 1 over a neighborhood 0(ui) of ui, each fa A J 
a component of this chart. Similarly, we call the family of the PS bundle embeddings given 
by (3.35), {$/ o Aj\fa G F(u/) s } ; a local bundle coordinate chart of E^ 1 over 0(ui), 
each o Af a component of it. For Xj £ <j>j o Xj(0(u is )), a connected relative open subset 
W C faoXj(0(u is )) containing ui is called a local component of Wf 1 near Xj. In particular, 
4>i o Af (0(ui g )) is a local component ofWj 1 nearuj. The restriction of <&j o Af(£'j s \o(ui )) t° a 
local component near uj is called a local component of Ej 1 near uj. Two local components 
ofWj 1 (orE] 1 ) near a point uj of Wj 1 are said to belong to different kinds if the intersection 
of both is not a local component of W^ 1 near uj . Let A be a family of local components near a 
point Uj G Wj 1 . If the union of sets in A forms an open neighborhood 0{u) of uj in Wf' we 
call A a complete family of local components of Wj 1 over 0(ui). 

Equations (3.29) and (3.37) show that we construct the same complete families of local com- 
ponents starting from two different s and t. Moreover, suppose that Q C O is another small open 
neighborhood of uj in Wi. Then all above constructions work if we replace O with Q, and the 
corresponding local components of W^ 1 near ui and those of E^ 1 near (E^')u I are, respectively, 
given by 

{0joAJ(Q(uiJ) | 0jer(fij) a } and {$, o Af(£J Q(iiJ ) | fa e r(u/) 8 }. (3.40) 

Here Q(ui,) = n^iQ) arc the inverse images of Q in W it , I = 1,- •• , k, and fa o Af and o Af 
as in (3.25) and (3.35). As stated in Lemma 4.3 of [LiuT3] we have: 

Proposition 3.8. The notion of local component is functorial with respect to restrictions and 
projections, that is: 

(i) If {fa o Af | fa G r(u/) s } is a local coordinate chart near Ui G W^ 1 , then for each point 
yi G yj < f }ie Y(ui) s 4>i ° ^i(0{ui 3 )) there exists a neighborhood Q of yj in Wj 1 such that 
{Q n fa o Af (0(ui e )) | fa G F(u/) s } is a complete family of local components of Wj 1 over 
Q. 
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(ii) If {(pi o Af | <j>i € r(u/) s } is a local coordinate chart near uj £ Wj 1 , i s € J I , then 

{tTj o <f>j o Af | (pi € r(u/) s } is a local coordinate chart near TCj(ui) G Wj J (after the 
repeating maps WjOcpjo Af is only taken a time). In particular, not only the projection 
7r , : maps the local component (pi o Af (0(ui 3 )) near ui to the local component 

TTj(<fii o Af (0(u,- s ))) near ttj(uj) in Wj J but also the restriction 

7tjUoAf(0(« is )) : 0/ o Af (0«)) -» tt5(0j o Af (O(O)) 
is a PS map. Actually one has TTj o <pj o Af = Xj((f>i) o A s 7 = <pj o A s 7 , w/iere A s 7 = (Aj s '); e j. 

(iii) Correspondingly, the restriction of the projection Uj : E^ 1 — » _Ej J to l^joAf (0(« is )) * s a 
P5 fttrndfe map from E] 1 |^ Aj(0(u is )) *o Ej J | w i ( ^ joAf(0 ( fiis ))). 

Proof, (i) By (3.38) we may choose a connected open neighborhood Q C ttJ^O) of yj in W^ 1 
such that for any (pi <G r(u/) s , 

QnCi(0/oAf(O(u i .))) = as jrig0ioA?(O(uiJ). 

If yi & 4>i o \ s j(0(ui s )) then the connected relative open subset Q n o Af(0(u, s )) in ^ o 
Af(0(uj s )) is a local component of Wj 1 near vj. It is easy to see that the union of sets in 
{Qn</>/ o Af(0(0) \<pi is equal to Q. So (i) holds. 

(ii) We may assume that I — ■ ■ ■ ,ik} and J — ■ ■ ■ ,iy} with k' < k. By (3.39) we 
may also take s = 1. Then by (3.26) we have 

r(u/)i = {(i,0 i2) - •• ,<j> ik ) | ^ e r(ui,),z = 2, • • • , fc}, 
r(7f5(«j))i = {(i,^ a ,--- ,(p ik ,) I 0i, er(u il ),i = 2,--- 

That is, Aj(r(u/)i) = T(ttj(ui))i. So for a given local component 

(pi o A}(0(0) = {(x,<p i2 o A ili2 (£), • • • > ifc o \ ilik (x)) I i e 0(0} 

of W} r ' near uj, we have a corresponding local component of Wj J near ttj{ui) as follow: 

0j o Aj(0(u Jl )) = {(£i,0 i2 oAi li2 (i),-" ,<pi' k oX ilik ,(x)) | x e 0(0}- 

Here 0j = (l,<fo 2 ,- • • = A^j) € r(7f5(«j))i and Aj = (0, 1 /)' e j. Clearly, tt^ ° ° A / = 

\j((pi) oAj = 0j o Aj, and so TTj((pi o A}(0(u,,))) = </>j o Aj(0(ui 1 )). Moreover the restriction 

ttjI^oAHo^J) : 0/ ° A/(0(O) -> ^ a j(0(0) 

given by 

(x, (p i2 o A ili2 (i), • • • , o A illfc (x)) i ^ (i, <fe o X ili2 (x), • • • , o A ilifc , (x)) 
is a PS map. (ii) is proved. □ 

The arguments below Definition 3.7 and Proposition 3.8 show that the notion of the local 
component is intrinsic. Now for each I = {ii, ■ ■ ■ ,ik} € N with |7| > 1, we can desingularize 
Wj 1 to get a true stratified Banach manifold Wj 1 . Consider the stratified Banach manifold 



wp 



II II II II <^°Af(0«)) (3-41) 
ujaw^ 1 oeu(ui) i<s<\i\ 0jer(« 7 ) s 
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where U(ui) is the germ of small connected open neighborhood of ui = ttj(uj) in Wi and 
0(iii g ) = 7r i _1 (0), s = 1, • • • , |7|. We define the equivalence relation <~ in 



W, 



as follows. For 



ui, u'j eWj 1 , and (pi € r(«/) s , e r(u' 7 ) t , and yi £ fa o \ s j(0(u ls )) and j/ 7 e <f/j o Ay(0'(u it )) 
we define 

(3.42) 

if and only if the following two conditions are satisfied: 

(i) yi = y'j as points in Wj 1 ; 

(ii) (pi o AJ(0({ti s )) f] <j>'j o X'j(0'(ui t )) is a local component of near ?// = y 7 . 

Clearly, any two different points in {(ui, (pi)} x (pi o \j(0(ui a )) are not equivalent with respect 
to <~. Denote by [ui,<pi,yi] the equivalence class of (uj, 4>i,yi), and by 



Wj' 



Wf 1 



if |/| > 1, and by Wf 1 = Wi if I = {i} e TV. Then W? 7 r ' is a stratified Banach manifold. Note 
that (3.26) implies that each point in {(ui, (pi)} x (pi o Af (0(ui s )) with s > 1 must be equivalent 
to some point in {({i/,0 7 )} x 7 o A}(0(u il )) for some 7 € r(u/)i with respect to ~. So 



^ = ll ll ll ^0\){0{U H )) r 

u^wf 1 oeu( UI ) 0/er(«j)i ' 
if |/| > 1. Now for each s = 1, • • • , fc, 

^Af : 0(fii.) -^Wf 1 , x i—> [ui,(pi,(pi o \j(x)], 



(3.43) 



(3.44) 



gives a PS open embedding, called a local coordinate chart ofWf 1 near [u T , <j>j,uj]. The projec- 
tions tti and Wj induce natural ones 

ni : Wj 1 Wi, [ui,(pi ,yi] h-> ni(yi), 

tt5 : Wf' -> -> [fij, (3.45) 

where </>./ = (</»/) = (<pi)ieJ, uj = Kj(ui) = (uj)ieJ and j/j = 7fj(j/j) = (m)ieJ- By Proposition 
3.8(h) the map 7Tj is well-defined, and in the charts (pi o A} and 

</>j o A* : Ofe) -> V^J J , x i ^ [uj,(pj,<pj o Xj(x)], 

the projection frj may be represented by 

0(uij -» Ofe), 5 i ^ A lUl (i) 

because ji e J c /. Here Aj Ul = lo(u 4l ) if ji = *i- This shows that ttj is a PS map. As nj in 
(3.23), it j is not surjective in general if I ^ J. 
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Note that the action of Tj on Wf 1 in (3.22) induces a natural one on 

ipi = (ipi)iei e Ti and yi = (j>i o \\(x) e </>i o A}(0(u il )) we have 



Wf 1 



. For any 



where # = (0,*)ie/ G r(^j(«j))i, = ° 01 ^j -1 for Z G J ' and A /* = ( A iii)«eJ, Ki = 
ipi ° Ajjj o ip' 1 for any /e/. So one may define 

ipi ■ (ui,(t>i,yi) = (i>i(ui),<f>i,il>i(yi)). (3.46) 

Note that the above (f>} belongs to 



W, 



ri 



Clearly, this gives a PS action of T/ on the space 
T(tpi(ui)) s as 4>i e T(uj) s . Moreover, for s £ {1, • • • , k} and Z e /, if we define Af* = (^*j)iei 



# o Af : VUO«)) - W?', 5 S ~ (# o At ,(*,)) 



is a PS open embedding, and {0} o Af* | 0/ € r(u/) s } is a local coordinate chart of Wj 1 over the 
neighborhood ^>j(0(mj)) of tpi(ui) in the sense of Definition 3.7. In particular, we get a local 
coordinate chart of W^ 1 near [ipi(ui), <pj, ipi(ui)], 

From these and (3.43) it follows that the action in (3.46) preserves the equivalence relation <~ in 



Wj 1 



(ui,<f>i,yi) ~ (uj.^'j, jij) ^=> tpi ■ {ui,4>i,yi) <~ tpi ■ (wj,<A'j, jfj). 
Consequently, (3.46) induces a natural action of Ti on Wj 1 : 

ipi ■ [ui, (j>i, yi] = [tpi ■ (in, 4>i, yi)] Mipi e Yj. 

The action is also partially smooth because in the charts in (3.44) and (3.47) 

[ui, 4>i, yi] = [ui, 4>i, 4>i o Af (x)\ i ► ipi ■ [ui, <f>i,yi] 

is given by 

0(u ia ) -» ipi a (0(u ia )), x^tp ia {x). 
There is also a continuous surjective map 



(3.48) 



(3.49) 



such that ttioqj = tt i . By (3.46) and (3.48), qi commutates with the actions on Wj 1 and Wi, i.e. 
qi(tpi ■ [ui,4>i,yi]) = tpi ■ {qi{[ui,(j>i,yi\)) for each [ui,jfri,yi] € Wj^ and tpi e T/. These imply 
that qi induces a continuous surjective map qi from Wf'/Ti to Wf'/Ti. Hence tti induces a 
continuous surjective map from W I 1 /Ti to Wi. Summarizing the above arguments we get: 

Proposition 3.9 (i) Each Wf 1 is a stratified Banach manifold and ttj is a PS map. 

(ii) There exists a natural PS action of Ti on Wf 1 under which tti is invariant and thus induces 
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a continuous surjective map from Wj 1 /Tj to Wj . 

(iii) tt j o -Kj = ijj o ttj for any J c I G M and the inclusion tfj : Wj Wj . 

(iv) 7Tj otpj — Xj(tpi) o nj for any J C I £ Af and tpi £ Tj. 



Similarly we can define a desingularization Ej 1 oi Ej 1 and the bundle projection pi : E I 
Wj 1 so that the restriction of it to each stratum of Wj 1 is a Banach vector bundle. We shall 
give necessary details. Consider the stratified Banach manifold 



E\ 



II II II II {(fi/,&)}x*J°AJ(25i.|o( fi4 .))- ( 3 ' 5 °) 
u!ewf' oeu(ui) i<s<\i\ 4>ier(u 1 ) s 



Clearly it is a stratified Banach bundle over 



Wf 1 



Here U(ui) and 0(ui s ) — n i (O) are as 

E*t' as follows: 



in (3.41), and <3?j and Af as in (3.33). Define the equivalence relation ~ in 
For u^u'j e Wj 7 ', and fa E r(u/) s , e T(^) 4 , and | 7 e o Af (£ is | 0(fi .j) and § e 
o k'f{E H \o{u' H )) we define 

(«i ) 0j,|j)~(u , i,^,ID (3.51) 
if and only if the following two conditions hold: 

(A) |/ = £j as points in Wj 1 ; 

(B) <&/ o Aj(E is |o(u is )) f] ° A? (■^'»tlo(uJ )) 1S a local component of E^ 1 near the fibre at 
Pi(ii) — Pi(i'i), where pi : E^' — » is the obvious projection. 

It is easy to see that the relation ~ is compatible with ~ in (3.42). Denote by (ui,fa,£i) the 
equivalence class of (ui,fa,^i), and by 



#r := ^ 



if |J| > 1, and by £p = E t if J = {i} G TV. As in (3.43) it holds that 

= II II II {feWlx^oA^Jo^,) 
u ie wf' o&A( UI ) 07er(« 7 )i ' 

Clearly we get a stratified Banach bundle, 

p/ : E T j< - W^', (fij,0/,|j) h- [uj,0j, pj(|/)]. 

For each s = 1, • • • , fc, we have also the PS bundle open embedding, 

$7^A? : E is \ 5 , - | ~ (fij, 7) $j o AJ(O), 



(3.52) 



(3.53) 



called a local bundle coordinate chart of E^ 1 near (ui,fa,5i(ui)). Here 5/ : Wj 1 — » is the 
zero section. By Proposition 3.8(iii) the projections 11/ and Ilj induce natural ones 



fij : £p - E u (uiAuh) nj(|j), 
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where 0jj=A$(0 7 ) = {<t>l)l€J, u.j = tvj{ui) = (ui)iej and £j = n$(|j) = (|j)«€J- In thc bundle 
charts o A} and 

$7^M : lo^.j - Ej J , 77 i ^ 0j, $j o Aj(?j)), (3.55) 
the projection IIj may be represented by 

|o(u 4l ) -» ^ji lo(i 31 ) , £ !-» Aiiii (0 (3-56) 

because ji G J C J. Here A ii:)1 = 1^ ^ ^ if ji = Hence IIj is a P5 bundle map and also 

isomorphically maps the fibre of £p at £/ G Wj 1 to that of Ej ' at 7rj(£i) e ^j '- By (3.51) 
wc may define a natural norm in each fibre of Ej 1 by 

||<fi/,0i,fi>||:=£||fj|| (3.57) 

for any vector (uj, </>/,£/) in the fibre of £p at [uj, 0j, i/)] € Wp, where denotes the norm 
of \i in {Ei)x t - The action of T/ on E$' induces a natural one on 



i>i ■ {ui,<t>i,ii) = {i>i{ui),4>*i,i>i -ii) (3.58) 
for any V/ = (ipi)iei € T/. Here </>J = (</> ; *); e / = (tpi o^o t/jf 1 )^ G r(V>/(u/))i as in (3.45), and 

• 1/ = = (*«(li))i6l = *J ° A}* G *J o A^xM^ulo^))) 

for |j = $ 7 o A}(r?) G */ o AK^iJo^j) and = ($,*) IeJ = (*, o $, o tfj- 1 )^/, and A}* = 



E]< 



(A* j) JeJ , A* i( = o A w o v]/^ 1 for any Z G /. Equation (3.58) gives a PS action of T/ on 
For each s G {1, • • • , k}, as above if 0/ G T(ui) s then 0} belongs to T(ipj(uj)) s . Let us define 
A f = ( A * s i)ie/ ; A t; = *i A U ^ for an Y ' G then 



$; o Af : |o(fi,.)) - ^P, la -> (*r o A? ,(&)) 



is a PS bundle open embedding, and {$}oAf* | 0/ G r(uj) s } is a local bundle coordinate chart of 
E^ 1 over the neighborhood ipi(0(ui)) of ipi(iii). In particular, we get a local bundle coordinate 
chart of E^' near (tpi(ui), (jfj, 5i(tpi(ui))) , 

^nl^Wu,)) f -> W-iM^j.S/oA; 1 ®). (3.59) 



Moreover one easily checks that the action in (3.58) preserves the equivalence relation ~ in 
and thus induces a natural action of r / on E^ 1 : 

ipi ■ {ui,(f>i,ii) = (V'i ' {ui,<pi,ii)) (3.60) 
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for any fa G T/. Note that in the charts $ 7 o A} in (3.53) and i> 7 o A} 1 in (3.59) 
(ui,(f>i,ii) = (uj,^,$ ; oA}()))) ' ^ • (ui,<I>i,£i} 

is given by 

£ 4 ilo(fi n ) -» ^iiUiJoCfid)), V !-» *»i(»7)- 
So (3.60) defines a PS action ofTj on 75j J . Moreover, the clear continuous surjective map 

Qi : E] 1 -» £ 7 , ^6 

commutates with the above actions of Tj on and Ej and also satisfies 11/ o Qj = IT/, ft 
follows that the projection IT/ is invariant under the IVaction and induces a continuous surjective 
map 

eFj'/Yt - £ 7 , (u 7 , 7 ,| 7 ) i ► n 7 (6). 

Summarizing up the above arguments we get: 

Proposition 3.10. (i) Each pi : E] 1 -> W 7 rj is a stratified Banach bundle and Wj is a PS 
bundle map. 

(ii) There exists a PS action ofTj on E^ 1 (given by (3.60)) under which IT 7 is invariant and 
induces a continuous surjective map from E^ 1 /Tj to Ej. 

(iii) The projection pi : E^ 1 — > Wj 1 is equivariant with respect to the actions ofTi on them, i.e. 
Pi fa = "0/ Pi /or any fa GTi. 

(iv) f[j o fl^ = tfj o IT 7 for any J (Z I E Af and the inclusion ifj : Ej 75/ . 

(v) n5 o -0/ = A5(V> 7 ) o /or any J C I <E Af and fa G T 7 . 

(vi) 7T 7 o p 7 = p o IT 7 /or any <f>i G T 7 . 

(vii) pj o II j = 7r j o fij for any J C 7 G A/". 

(viii) for any L,J,IeAf with L C J C 7 it holds that tt[ o tt j — 7r£ and II ^ o II j = n£. 

The final (vii) may easily follow from (3.45) and (3.54). We get a system of PS Banach 
bundles 

(s r ,w T ) = {(^\wf'),it I ,n I ,r I ,it I j,n I j,x I j | jc/gAa}, (3.6i) 

which is called a desingularization of the bundle system (£ T , W r ). 

As in [LiuTl] we may take the pairs of IYinvariant open sets W- CC U- , j — 1, 2, • • • , n 3 — 1, 
such that 

Ul CC Wf CCUf ■ ■ ■ CC 3-1 CC U? 3-1 CC Wf 3 = Wi. 
Note that each I £ Af has length |7| < n 3 . For each JeJVwe define 

Vr = (Hig/Wf) \ C7( |J (n, G ./CT(^))). (3.62) 

J:| J|>fe 

Then the second condition in (3.20) implies 

Vj = Wi VI G Af with |7| = n 3 - 1. 

For {V/ 1 7 G A/"}, unlike {W/ | 7 G Af} we cannot guarantee that Vj C K/ even if J C 7. However 
we have still the corresponding result with Lemma 4.3 in [LiuTl] . 

Lemma 3.11. {V/ | 7 G M} is an open covering o/U^W/ and satisfies: 
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(i) Vj C Wi for any I £ Af '. 

(ii) Cl(Vi) nVj^Q) only if I C J or J C I. (Actually C7(Vj) n Vj ^ imp/ies Vj n Vj ^ 0, and 

thus CZ(Vj) D Vj = /or any 7, J G Af with \I\ = \ J\ = n 3 - lj 

(iii) for any nonempty open subset W* C U^IVj 1 and 7 G TV let Wj — Wi n W* and Vj* = 
Vj n W*. TTien {Vj* | 7 G A/"} is an open covering of W* , and also satisfies the above 
corresponding properties (i)-(ii). 

Proof. Step 1. Let Af k = {I £ Af \ \I\ = k}, k = 1, • • • , n 3 - 1. We first prove that {Vj | 7 G TV} 
is an open covering of U™J 1 W / i 1 . It is easy to see that for any I £ Af with |7| = k, 

Vi = (f)W?)\( (J (D^)))- ( 3 - 63 ) 

»ei JeM'k+i jeJ 

For x € Wi, set 7i = {«}• If x £ Vjj nothing is done. Otherwise, there is Ji £ Af with | Ji| = 2 
such that a; G n jeJl Cl(Uj) C W^. Set 7 2 = 7i U Ji then a; G n C Wj i n and thus 

.t G IVj 2 2 c W\[ 2 \ |7 2 | > IJil - |7i| + 1 = 2. 



If a; G Vj 2 then nothing is done. Otherwise, because of (3.62) there is J 2 G A"" with | J 2 | = |7 2 | + 1 
such that 
and thus 



such that x G n je j 2 CT(C/] /21 ) c W l f 2 21 . Set 7 3 = 7 2 U J 2 then a; G Wj 2 n W^ 2 ' c TV]' 3 ' n W^ 3 ' 



zew£ s| , |7 3 | > |J 2 | = |7 2 | + 1 >3. 

After repeating finite times this process there must exist some Ik G Af such that x G Vj fe because 
Vj = W" 3 ^ 1 for any I £ Af with |7| = n 3 — 1. The desired conclusion is proved. 

Step 2. We prove (i) and (ii). (i) is obvious. We only need to prove (ii). Let C7(Vj) f~l Vj ^ 
for two different I,j£Af with |7| = k and | J| = I. Since 7 = {1, • • • , n 3 } ^ Af we can assume 
that n 3 > k > I below. Suppose that there exists a r £ J \ I. Let x £ C7(Vj) n Vj. Take a 
sequence {a;fc} C Vj such that x k — > a;. Since Vj is open then ar^ G Vj for fc sufficiently large. So 
Vj n Vj ^ and we may assume that x £ Vj fl Vj. Now one hand x £ Vj implies that 

x £ Cl{c\ ieJ Wl) c Cl(n ieJ Wf) c C7(W r fe ). 

On the other hand x £ Vj implies that a; docs not belong to 

n ieI ci(u^) n C7(f7 r fe ) 2 n ieJ C7(w; fc ) n C7(w r fe ) 
d C7(n ie/ ivf ) n C7(w r fe ). 

So x ^ C7(W,?) because a; G Vj C Cl{T\ ie iW^) . This contradiction shows that J C I. 

Step 3. Note that C7(Vj*) n VJ C CZ(Vj) n Vj n W* for any I,J £Af. The desired conclusions 
follow immediately. □ 

Set 

V i = (tt i )- 1 (V i ) and E T = (n. I )-\E I \ Vl ), (3.64) 
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For J C / e TV, though Kj(W^') C W T j J we cannot guarantee that ttj(Vi) C Vj. So 7Tj only 
defines a PS map from the open subset (7tj)~ 1 (Vj) n Vj to Vj. However, we still denote by 7ij 
the restriction of 7r5 to (7rj) _1 (Vj) n Vj. In this case it holds that 

7T,/ O 7Tj = i^j O 7Tj (3.65) 

for any Jc/6 A/", where lJj iViflVj'—^Vj is the inclusion. Similarly, II j denote the restriction 
of IT} to (n5) _:L (-Ej) n Ei. Since the bundle projection pi : E] 1 -» W^' in (3.52) maps £ 7 to 
Vj we still use pi to denote the bundle projection Ej — > V/. The system of stratified Banach 
bundles 

(5,v) = {(£ 7 ,v 7 ),7r / , 7 r5,n / ,n5,p 7 ,r / | jc/eyv}, (3.66) 

is called renormalization of ,W r ). 

A global section of the bundle system (f^FT 1 ") (resp. (£,V) ) is a compatible collection 
5 = {5/ 1 I e M} of sections S T of E^ 1 -> Wp (resp. £ 7 -> V 7 ) in the sense that (n^Sj = Sj, 
i.e., Sj(tt5(x)) = n^(Sj(x)) for any a; € Wf 7 (resp. (tt5) _1 (K0 n V 7 )) and J C / e M. As 
before 5 is said to be partially smooth if each Sj is continuous and stratawise smooth. Such a 
section S is called transversal to the zero section if each Si is so. 

Lemma 3.12. Let Ii = {1} for 1 < I < n 3 . For I £ jV with \I\ > 1, and I G / each PS section 
oi :Wi —* -E; can define a PS section of the bundle pi : E^' — > IVj 7 fry 

«t ;/ : ^ - £~ ((n£)*or,)(S) =: (fi£ I^J" 1 (aj^ (*))) (3.67) 

which is equal to di if I = Jj . In particular, if a\ : Wi —> E\ has the support contained in Wi 
(i.e., 7r;({x e IV; |cri(ar) ^ 0}) CC PV/J i/ien for each I e AT it may determine a PS section 
(<?l)i °f the bundle Ei — > V 7 even if I £ I, and these PS sections give rise to a global PS section 
&l = {{&i)i '■ I € A/"} of the bundle system (£, V). 

Proof. To see that the section an defined by (3.67) is partially smooth let us write it in the charts 
in (3.44) and (3.53) with s = 1. Let x — <f>i o A^x^) = [u 7 ,0 7 ,0 7 o Aj(ij 1 )] for Sti 1 € O^^). 
Then ttI (x) — [ui,<j>i,<f>i ° A^^x^)] = <fii o Aj 1 j(xj 1 ), and in particular 7rf (x) = x^ if / = ii. So 
di((f>i o Ai 1 ;(x il )) = (ui,<f)i,ai((j)i o Ai 1 ;(xj 1 ))). Under the bundle charts $ 7 oA} in (3.53) and 

o A /; : ^|o(« ; ) -» ^\ ?7 1-» {u h ,4>i l ,^ h oA},®) = {ui,<t>i,fj} = fj, 
we can derive from (3.55) and (3.56) that the projection n| ; may be represented by 

^*ilo(u 4l ) — > ^|o(fi,)' 1*1 ^ ®l ° A *iKl*i)- 

It follows that &u may locally be represented as 

0(uij -> EjJoCuij, £»i !-> ° A-ij)' 1 (ai(<j>i o A^XjJ)). (3.68) 
This shows that 67/ is partially smooth. 
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Next we prove the second claim. For I — • • • , ik} G N, if Z ^ I, (3.63) implies that 

* =(n^ fe )\( u (n^*))) 

iei j-.\j\=k+i je.J 

c(f)w?)\((f)ci(uh)nci(u?)) 

iei iei 

c (n^ fe )\((n CT ( f/ ")) nCT «)) 

iei iei 

= (f)W?)\Cl(W l 1 ) 

iei 

c(f]ci(wt))\wl 

iei 

where the second inclusion is because C C Iff, and the second equality comes from the 
fact that riie/Wf C C\ ieI Uf. 
It follows that 

ctoc (f]ci{w!?))\wt 

iei 

since the left side is closed. Moreover, 7r/(supp(<7i)) C . 
We get that 

7r ( (supp(5- ( ))nC7(y/) = l<l<n 3 . (3.69) 

Note that V h C W h =W X . For / G N we define 

(o-j)j, = ^ly J; > (o-j)i = if / ^ J, and 
(ctj)j := (Tulyj if i € J and |/| > 1. 

By the local expression in (3.68) they are partially smooth. Clearly, the collection {(<x;)j : / G A/"} 
is compatible in the sense that (II j)* (07) j = for any J C / G N ' ■ Hence &i = {(<x;)j : I € A/"} 
is a PS global section of the bundle system (£, V). □ 

Remark 3.13. For each i = 1, ■ ■ ■ , 713 let W 4 be a slight larger open set than Wj with Wj CC 
For each i = 1, • • • , 713 let us take pairs of open subsets W^ J CC U7^\ j = 1, • • • ,713 — 1 
such that 

W/ CC W+ j CC CC f/f, j = 1, • • • , n 3 - 1. 
Then for each JeJV with |/| = fcwe follow (3.62) to define 

v+ .= (n ^ +fe ) \ ( u (n«(^ fe ))) 

»e/ J:|./|>fc jeJ 

and thus get a system of stratified Banach bundles (£ r+ , W r+ ) and its renormalization (£+, F + ). 
For any section 07 : Wj — > £7 with 7T((supp(<7;)) C IF;, which is naturally viewed a section 
<T; : — > the same reason as above may yield a global PS section <r ; + = {(07)/ : / G A/"} 
of the bundle system (£+, V' + ) which restricts to 07 on (£, F). Actually, (07)/ vanishes outside 
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Vi C Vj + . Note that Cl(Vi) C V} + for any I e Af. Wc may consider the closure of (£,V) in 

(£ + ,v+), 

(Cl(£),Cl(V)) = {(C/(Bj),Ci(Vj)),7rj,7rj,nj,nj,P7,r7 I JC/GAA} 

and define its global section by requiring that Sj(tTj(x)) = Hj(Si(x)) for x € (ir j) _1 (C7(Vj)) fl 
CZ(Vf) and J C I E Af. In this case the above section 07 produced by a section 07 : Wj — > -B; with 
7r;(supp(<T()) C can naturally be extended into a global section of (Cl(£), Cl(V)) (by the zero 
extension), still denoted by 07 without confusions. Later when we need to use (Cl(£), Cl{V)) we 
assume that we have taken a (£ + , W + ) to contain it. 

It is not difficult to check that the Cauchy-Riemann operator may define a global PS section 
dj = {(dj)i\I € TV} of {£**, W T ) (resp. (£,V) and (Cl(£), Cl(V))). In particular, from (3.45) 
and (3.54) it follows that 

0j)l o tt{ - fi£ o (3.70) 
for any L C I £ Af. In the charts of (3.44) and (3.53) the section (<9j)/ may be expressed as 

0(u ia ) ^ E ia \ (u is ), f =(f,-£,z)~djf. (3.71) 

So is partially smooth, and its zero set is given by 

z{{dj)i) = (7r I )- 1 (z(d J )nw I ). 

Since Z(dj) fl (7Z(Vf) is compact (as a subset of by Remark 3.13), so is 

VZ{{dj)!) := (tt 7 )- 1 (Z(5 j ) n Cl(Vi)) C 

Let j = 1, • • • , Qj, i = 1, • • • , ri3, be the sections satisfying (3.21) and Lemma 3.3. By Lemma 
3.12 each §ij determines a global PS section = {(%)/ | / € A/"} of the bundle system (£, V'). It 
follows from Remark 3.13 that % can also be viewed a global PS section of (£ + ,V + ). This and 
finiteness of Af imply that there exists a constant C > and an open neighborhood U(VZ{{dj)i)) 
of VZ(0j)i) in Wj~ such that 

||(*y)j(a;)|| < CVx e C/(VZ((a./)/))n^+. (3.72) 

Here the norm || • || is defined by (3.57). Note that £/(VZ((<9j)/))nVf is an open subset in Vj and 
that the union \J Ie ^ ; k I {U(yZ{(dj) I )))cW I ) is still an open neighborhood of A4 g tm (M, J, A; K3) 
in W. Take an open neighborhood W* of A4 g>m (M, J, A; if 3) in W so that it is contained in the 
intersection of U J& A^i(tf (VZ((0j)i)))nVi) and U^V? in (3.20). Set 

K/:=F,nW 4 , t// = (tt/)" 1 ^/) and % = (fii)- 1 ^^). (3.73) 

As above we get a stratified Banach bundle system 

(£\V*) = {(E* I ,V;),7r l7 7: I J ,n l7 U I J ,p l7 r I | Jc/e/V}, (3.74) 

which is called the restriction of (£,V) to the open subset W* C W. Similarly, we can define 
its global section. Clearly, each global section a = {(a)i \I G Af} of (£,V) may restrict to a 
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global section of (£*, V*), &\y, — {(<j)i\y, \ I G A/"}. As in Remark 3.13 we may also consider 
the closure of {£* ,V*) in (£ r+ ,M? r+ ), 

(c/(r),CT(y*)) = {(c/(^;),cz(F/)),^,^,n / ,nS,p / ,r / | jcieM} 

and define its global section. 

Denote by q = q\ + ■ ■ ■ + q n3 . Taking < r\ < min{?7i 1 1 < i < n^}, we have the obvious 
pullback stratified Banach bundle system 

(Pir,v* xB n (R q )) = {(p^;,i//xB r ,(M' z )),7r 7 ,^,n 7 ,nS,p / ,r 7 | jcieAf}, (3.75) 

where Pi are the projections to the first factor, and 7r 7 , nj , ft 7 , flj,Pi are naturally pullbacks of 
those projections in (3.74). Consider its global section ^ = | / G A/"}, 

"3 H 

: V? x B^R 9 ) - PIE}, (ij.t) ~ (aj)7(i7) + 2S*«( S «)/(*i). (3-76) 

i=i j=i 

where t = {iy|l < j < ft, 1 < i < n 3 } G M. 9 . Clearly, ^/(zj, 0) = for any zero x 7 of (<9j) 7 in 

Theorem 3.14. If the above r\ > is small enough, then the global section ^ = {<J> 7 | I G A/"} 
is transversal the zero section at each zero (xi,t) G Vf x B r) (M 9 ). So /or each I £ AT the set 

Q 7 (tf , »?) :={(*/, t) G V/ x B,,(1R 9 ) | * 7 (x/,t) = 0} 

is a stratified manifold of top dimension 2m + 2c\{A) + 2(3 — n)(g — 1) + q. Moreover, for any 
J C / € Af the projection 

is a |r 7 |/|rj|-/o/rf covering. 

Proof. We may extend * 7 on Cl{Vf) x B,,(M 9 ) naturally, still denoted by * 7 . Let (u/,t°) G 
Cl(Vj*) x B^R 9 ) be a zero of * 7 . Then u 7 = tt 7 (u 7 ) G U^Vf , and by the choice of W* above it 
sits in V^" C Wi s for some i s G I. By (3.49) let iij = qi{ui) and denote by Ui s the s-th component 
of ui. Then in the chart 4>i o Af in (3.44) we have Ui = <j>i o Af (itij. Note that 

n 

t) = (a 7 ) 7 (x 7 ) + ^^^(%) 7 (x 7 ) 

for any (x 7 ,t) G V/- x B^R 9 ). In the charts of (3.44) and (3.53), (3.71) gives the local expression 
of the section (<9j) 7 , and as in (3.68) for each i £ I and j = 1, • • • , we have also one of (%) 7 , 

-> ^».lo(ui.)i » ^ : = ($« ° o X isi (x))). 

Hereafter we need to shrink 0(ui s ) so that 0(u is ) C (0 7 o A|) _1 (V 7 ) C E/P . Using these we can 
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get the following local expression of "J/j in the natural pullback charts, 

0(u is ) x B n (R q ) PI(^.| ( fii .)), (3.77) 

{x, t) i ^ <9j(£) + E E ( 5 ) 
iei j=i 

= + KiKA*) + E E Ujnj{x). 
3=1 ie/\{i 3 }j=i 

Let < e V® n W^"'" 5 for some \{u,v)\ < S(ef s) ). By Lemma 3.3 we have the trivialization 
representative of the restriction of the section in (3.77) to 0(u is ) n W^' v ' > x B,,(IR 9 ), 

(0(u is ) n W^) x B„(R*) - Lj_i(/S;™). ( 3 - 78 ) 

fet^^^ + f^tf (£) + £ |>t^%), 
j'=i »e/\{i 3 }i=i 

where t^' v ^ are the corresponding trivialization representatives of the sections under (3.2). 
Now the tangent map of the map in (3.78) at (u is ,t°) is given by 

Tu is (0(u ts )n Wt v) ) x R q iL^/g;™), (3.79) 
(£ v) _> dF^ (u ia ) (0 + £ sgf («,. ) + £ t?. j ds^f (u ia ) (0 

3=1 3 = 1 

+ E E%-^ ) (^)+ E E4^%ao- 

»ei\{i.}j=i »€/\{»«}.7=i 
Since Cl{Vf) C Vf + C t?/ it follows from (3.76) that 

z (0j)i\ CK vn) = {*i)- l {z{dj)nci{vn) 

is compact in Wf for each / £ M . Note that ds|"j^(u is ) = 0, j = 1, - ■ ■ ,q ia . As in Lemma 
3.1 we can use this fact, (3.6), (3.14) and (3.15) to prove that the map in (3.79) is surjective for 
n > and W* sufficiently small. Then the standard arguments can complete the proof. □ 

Since TV is a finite set and each Vf (and thus Qj) has only finitely many strata, Theorem 
3.14 and the Sard-Smale theorem immediately gives: 

Corollary 3.15. There exists a residual subset B 7 n es (M. q ) C B^(M 9 ) such that for each t £ 
B^ S (IR 9 ) the global section *W = {* ^ \ I £ Af} of the PS bundle system (£*,&*)) is transver- 
sal the zero section, where : Vf — ► E*j, Xi ^ *j(5/,t). Therefore the set _Mj(if ) := 
(\Pj^) _1 (0) is a stratified Banach manifold of dimension 2m + 2c\(A) + 2(3 — n)(g — 1). A afeo 

(i) The stratified Banach manifolds AA^Kq) has no strata of codimension odd, and each stratum 
of M. t I {K(f) of codimension r is exactly the intersection of M^Kq) and the stratum of Vf 
of codimension r for r = 0, • • • , 2m + 2c\(A) + 2(3 — n)(g — 1). 



39 



(ii) The family A4 t (K ) = {.Mj(-Ko) 1 1 <= A/} is compatible in the sense that for any J C / € N , 

tt5 : (ttS)- 1 (A^o)) - Im(*j) C A^o) (3.80) 
is a \T i\/\T j\-fold partially smooth covering. 

(iii) For each I £ Af and any two t, t' G B™ S (IR 9 ) 7 ffce cornered stratified Banach man- 
ifolds M^Ko) and AA\ {K§) are cobordant, and thus maps tti : M^Ko) — > W* and 
7T/ : Al* (i^o) VV* are a/so cobordant. 

We can also show that each ./Vf* (i^o) carries a natural orientation and all itj perverse the orien- 
tations, cf., [LuT] for details. By the definition of Vf in (3.73) it follows from (3.72) that 

||(s«)i(a5)|| <C\fx& Vj* (3.81) 

and i = 1, • • • , ns, j = 1, • • • , q%. To understand the family M t (K ) = { M\ (K ) \ I e A/} we 
first consider the case that M is a closed manifold. 

Proposition 3.16. If M is a closed symplectic manifold, we may take K = M and i = 
1, ■ ■ ■ ; n o in the construction above. Using some ideas in the proof of Theorem 4-1 in [LiuTl] we 
can derive from (3.81) and the compactness of 

M g , m (M,J,A)= [j Tti(Z(0j)i\v?)) ( 3 - 82 ) 

that for any given small neighborhood U of A4 s>m (M, J, A) there exists a small S > such that 
the closure of \Ji e j^TTi(AA t I (Kq)) may be contained in hi for any t € B^R 9 ). In particular there 
exists a positive number e < r\ such that UieAfni(M t I (Ko)) is compact for each t e B £ (IR' ? ). 
Consequently, the family M t {Ko) — {Alj(-K'o) 1 1 <= A/} is "like" an open cover of an oriented 
closed manifold. Especially, each A4\ (Kq) is a finite set provided that 2m + 2ci(A) + 2(3 — n)(g — 
1) = 0. The formal summation 

ct ■= E ift{^ : M(^o) - m vt e Br s r), 

gives rise to a family of cobordant singular cycles in W , called the virtual moduli cycles in W 
(cf. [LiuTl, LiuT2, LiuTS]). As explained on page 65 of [LiuTl] the summation precisely means 
that on the overlap of two pieces C t (ifo) we only count them once. Hereafter we omit the wide 
hat over M\ and the dependence marks on u), J, [i and A without occurring of confusions. 

Proof. Since Uj e j^Vj* is an open neighborhood of A4 g , m (M, J, A) in W we can take a positive 
e < rj such that the closure of Ui e ^/TTi(A4 j(-Ko)) is contained in Ui^Vj for any t € B £ (R 9 ). 
We shall prove that Ui e ^ni(A4 t I (K )) is compact for any t G B £ (R 9 ). By the proof of The- 
orem 4.1 in [LiuTl] each ni{M t I (K )) has the compact closure in W. So the compact subset 
Cl(Ui e j^TT I (M t I (K ))) = Ui e j^Cl(Tri(M t j(K ))) is contained in the open subset Uj e jvVj*- Note 
that any given point x E CI^^M^Kq))) \ tt^M^Kq)) C Cl(V T *) may be contained in some 
V£. So C7(V» n V L ^ 0. It follows from (ii) in Lemma 3.11 that I C L or L C /. Let 
I C L and a; = kl{xl) for some e Vj*. By Remark 3.13 we may assume x = ni(xi) for some 
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xj G Cl(Vj). Since may be extended into a global section of the PS bundle 

system (Cl(£*),Cl(V*)) naturally, wc get that ^(zj) = 0. Since fif (x L ) = x I} ^\x L ) = 
and thus x G fix (.M* (#(,))■ This shows that C7(fi/(.M* (-Ff ))) C U Je jv7rj(^(if ))- For the 
case Lc/we have fi"£(ij) = ax- It follows from = that = 0. Hence it also 

holds that x — fix(ax) <= kl(M\(Kq)). In summary we obtain that Ui e j^Cl( y TTi(M t I (Ko))) C 
Ui€Arni(M t I (Ko)) and hence Ui^^ii-M^ (K )) = L)i e ^Cl(TTi(M t I (K ))) is compact. 

If 2m + 2ci(A) + 2(3 — n)(<? — 1) = then each M^Kq) is a manifold of dimension zero. 
Assume that it contains infinitely many points x^ k \ k = 1, 2, • • • . We may assume that {ni(x^)} 
converges to some [f] <G fix (A^^(ii"o)) because U/ e A/'7>7(A / f* (-Ko)) is compact. Note that inverse 
image of each point by fij contains at most |r/| points and that {717 (x^)} are contained in the 
closed subset Cl(Vj*) C Wf 1 . After passing a subsequence we may assume that {x^} converges 
to some oti G Cl(M.*(Ko)) . Then ^f\xi) = 0. As showed at the end of proof of Theorem 
3.14 the section is still transversal to the zero section near xi in Cl(Vj). This destroys the 
manifold structure of Z[{dj)i\ cl! ^»^). The desired conclusion is proved. □ 

In the case (3.82) does not hold. However, (3.19) and (3.20) imply that 



M g , m (M,J,A;K 3 ) = {[f}e |J 7riOZ((0j)j|^.)) | Im(f) D K 3 ^ d)} and 
/m(/)cJf 4 V[f]G (J fi^Z^),!^)). 



Using (3.81) and the compactness of M. g , m {M, J, A; K 3 ) we can, as above, prove: 

Proposition 3.17. For any given small neighborhood U of M g _ m (M, J, A, K 3 ) there exists a 
small 6 > such that for any t G B^R 9 ), 

Ml m (M, J, A; K 3 ) := {[f] G U /eA Afi/(Al* (K )) \ Im(f) nK 3 ^®}cU. 

In particular there exists a positive constant e < n such that for any t G B £ (R 9 ) the following 
hold: 

(i) The closure of M. g m (M, J, A; K 3 ) is contained in Ui^j^Vj*. 

(ii) For any [f] G C^((fi-/(A4K^o))) either [f] G M^ m {M, J, A; K 3 ) or Im(f) f\K 3 = $. Espe- 
cially M. (M, J, A] K 3 ) is compact. 

In the present case the family M t (K ) — {M\(Kq) \ I G A/"} is "like" an open cover of an 
open submanifold of an oriented geometrically bounded manifold. But the corresponding formal 
summation 

C*(tf ) := Yl rR { ^ : M^o) - W*} Vt G B™ S (R 9 ), (3.83) 

gives rise to a family of cobordant singular chains in W* in general. We call it a virtual moduli 
chain in W. However, it can still be used to define our GW-invariants in next section. 
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4 Gromov-Witten invariants 



In the first subsection we shall define our Gromov-Witten invariants and prove their simple 
properties. In §4.2 — §4.6 we shall prove in details the independence of our invariants for various 
choices. 

4.1 Definition and simple properties 

From now on we always assume that (M, u) is noncompact and geometrically bounded. For 
K = C, R and Q let H^{M, IK) be the singular homology of the second kind (or the homology 
based on infinite locally finite singular chains), and H*(M, X) (resp. H*(M, X)) denote the 
singular cohomology (resp. the singular cohomology with compact supports) with coefficients in 
X. (see [Sc, Sk]). By the deRham theorem we may also consider H*(M,~K) (resp. 7J*(M, X)) as 
the deRham cohomology (resp. the deRham cohomology with compact support) with coefficients 
in X. In particular H*(M, Q) (resp. H*(M, Q)) consists of all deRham cohomology classes in 
H*(M,W) (resp. H*(M, R)) which take rational values over all integral cycles. One has the 
Poincare duality isomorphisms 

PD : H P (M, X) -» H"- p (M, X) and PL* 11 : iZj^M, K) -» H n ~ p (M, X). 

The orientation determines a class [M] G ^(¥,2), which is Poincare dual to 1 G H°(M,Z), 
also called the fundamental cohomology class. 
Consider the evaluation maps 

m 

EV 9 , m = ([] ev,) : B^ m -> M m and H 9 , m : B^ 9;TO - AT fl , m , 

i=l 

where ev,([/, E,z]) = /(zj), i = 1, • • • , m and ILj jm ([/, E, z]) = [S',z'] is obtained by collapsing 
components of (£, z) with genus and at most two special points. 

Let {ai}i<i< m C H*(M,<Q) U H*(M,Q), and at least one of them, saying ai, belong to 
H* (M, Q) . Later, if a; G F*(M,Q) (resp. iP(M,Q)) we understand the Poincare duality of 
it to sit in H„(M,Q) (resp. ff^(M,Q).) Let 67; : C(aj) -> M be the representative cycle of 
the Poincare duality of a;. For the sake of simplicity we can assume that each C(o!j) is a closed 
smooth manifold. Take a compact set K in M such that 

di(C(ai)) C tf . (4-1) 

Note that each map EV 9 . m o 7T/ : .Mj(-Ko) — » M™ 1 is partially smooth. For the virtual moduli 
chain C t (if ) in (3.83), we can jiggle ni=i ®i '■ Yl^Li^( a i) ~~ * M m to make it intersect each 
EVg !m o 7Tj transvcrsally. In this case we also say it to be transversal to 

EV s , m o C*(Jf ) := E Tr{ EV ^™ ^ : M(^o) - ^ m }- (4-2) 

Define C(ifo; {^il^ii w i to be the fiber product 

{(x, u) G J] C(ai) x Mj(Jfo) I II = EV 9.™ ° ( 4 ' 3 ) 
j=l 1=1 
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It is cither empty or a stratified Banach manifold of dimension r = 2c\(M)(A) + 2(3 — n)(g — 
1) + 2m — J2"Li^ e & a i m tne case ^ > 0. The key is that (3.16)-(3.18) and the choices of fW 
imply: 

C(^ ;{ai}£i; J)/ ^ * < »i &r any i e 7. (4.4) 

Denote by 

n 5, m : C , (-^o;{ai}™i;w,/x, J, A)\ -> -M g , m , (z,u) i-» II^ o 7r/(u). 
For any L C I £ Af, the map (3.80) naturally induces a |Tj j/|r^ |-fold partially smooth covering, 

PL ■■ (Pl) 1 (C{K ; {aj}™ w, h, J)\) — > Im(Pj) C C(tf„; i! w, J)l 

This is, the family C(K ; {a,}™ ^ w, /x, J)* = {C(if ; {ai}i=i; w > Mi I ^ is compatible. 

Proposition 4.1. ITie sei Ui e ./\/TIg (C(lfoj {Si}™ 1 ] u), \x, J)*) is compact in A4 g , m . As in 
Proposition 3.16, for any t <G B£ es (R 9 ) the formal summation 

^ g [K ;{ai}Z^,n,J,A) (4.5) 

= E J-r{n^ im :C'(li:o;{a i m i ;w,/i,J,A)*^^ flim } 

is a rational cycle m A4 g)m o/ dimension r = 2ci(M)(A) + 2(3 — n)(g — 1) + 2m — dega^ 
i/ r > 0. Moreover, the cobordant virtual moduli chains in (3.83) yield the cobordant vir- 
tual moduli cycles in (4-5). As in proof of Proposition 3.16 we can use (4-4) t° prove that 
^ieAfC{K \ {cii}™ i, <jJ, fi, J, A)\ is a finite setforr^O. 

Proof. We only need to prove that Ui^Hg m (C(Ko; {aij^l^w, fi, J)*) is compact. Since both 
UiLi C(cti) and Cl{iti(M\ (K ))) are compact, Cl(jl g _ m (C(K ; {ati}^; to, fi, J)*)) is also com- 
pact. Let n^ m (a; fe ,u fe ) be a sequence converging to w e CI (H g _ m (C(K : {aj™ ± ; u>, fi, J)*)) . 
Here (xk,Uk) € C{Kq; {cei}'!?l 1 ; co, fi, J)* for k = 1,2- ••. Passing to subsequences we may as- 
sume that Xk — > x and 7T/(ufe) — ► [f] e C7(7Tj(.M* (.Ko))) ■ By (4.4), i < m for any i G I. It 
follows from (3.19) that Im(f) C K 2 C K 3 . By Proposition 3.17(h), [f] E M gm {M,J,A;K s ) C 
Uigjv'^'iC^K-^o))- So there exists a u in some M.^Kq) such that [f] = Ttj(u). By (4.3), 

m 

Y[a>i(x k ) = EV S;m (7T/(u fe )), fe = l,2, ••• . 

i=l 

Setting fc^oowe get 

m 

JJ^W = EV fl , m ([f]) - EV fl , m (7ri(«)). 
i=i 

So (a;,u) € C(ifo;{ai}™i;w, /i, J)^ and Il£ m (a;,u) = n g!m (7r L (u)) = IT S;m ([f]). Moreover, 
w = lim IlJ m (a;fc,Ufe) = lim Ug tTn (ni(uk)) = n g>m ([f]). 

Hence w = TLg_ m (x, u) e ILg m (C(K ; {ai}YLi\ w, /U, </)!). This implies that 

CZ(H g;TO (C(X ; i; ■/)*,)) c U 7eA rn S;ro (C(ifo; i; w, ■/)*) 
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and thus that 

U Ie ^Ul m (C(K ; {a,}™ i; u, /x, J)\) = U Ie ^Cl(Ul m (C(K ; {a*}™ x ; u,, (J,, J)/)) 

is compact. □ 

Clearly, two different t, t' G B£ es (R ? ) give cobordant rational cycles Cg(K ; {aj}^; u, fi, J, A) 
and Cg (Kq; {a^^l^oj, /j,, J, A). Moreover, the choices of cycle representatives {cSj}™ i satisfying 
(4.1) also yield cobordant rational cycles C*(i^o; {q^I^Li! w > Mi Ji A). So they determine a unique 
homology class in H r (M g , m , Q), denoted by [Cg(K ; {a^}™ 1 ; uj 7 fi, J, A)] or 

[<3(tfo;W£i;w,/i,J,4)] (4-6) 

because it is independent of choices of t G Bg es (M 9 ) and of ones of cycle representatives a of 
PD(a) satisfying (4.1). One can easily prove that shrinking W* and thus e > gives the same 
class as in (4.6). More generally, it only depends on cobordant class of virtual moduli chains in 
(3.83). Furthermore we can prove that this class does not depend on all related choices. Namely, 

• it is independent of choices of section s,; 

• it is independent of choices of Wj ; 

• it is independent of choices of Kq; 

• it is independent of choices of almost complex structures J £ J{M, uj,h); 

• it is independent of the weak deformation of the geometrically bounded symplectic manifold 

We first admit them and put off their proofs to §4.2 — §4.6. Let 2g + in > 3. If r > we call the 
Poincare dual of the homology class in (4.6), 

4 M 3 :™ J Vi ® • • • ® <*m) ■■= PD(K(K ; J, A)]) 

the Gromov-Witten class in terms of [KM]. It is clear that we can understand and write 
[C*(#o;{ai}£i;w,M, J, A)] as [C*(K ; ®£ W to, n, J, A)] or 

[C<(^o;W™\aaJ™W + i>--- .W™ fe rofc _ 1+1 ;^,M,J,A)] or 
[Cl(K ; ®™\a i5 ®" 2 mi+1 a 2 , ■ ■ ■ , ®" fc mfc - 1+ i«- J, A)] 

for 1 < mi < rri2 ■ ■ ■ < ink = in- 
Let 2g + in > 3. If (1.5) is satisfied we define the Gromov-Witten invariants 

SWi^foai,--- ,a m ) := (P£>(k), [C*(Jf ; {a,}™ l5 w, /x, J, A)]), (4.7) 

and define 5W^^ J '(k; ai, • • • ,a m ) = if (1.5) is not satisfied. Here (•,•) is the usual pair 
between homology and cohomology. 

Note that the space A4o. m reduces to a single point for in < 3 and that it is a smooth oriented 
compact manifold of dimension 2m — 6 for m > 3 ([HS2]). Then for m > 3 it is easy to see that 
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the Gromov-Witten invariants SW^^^Kiai,- • • , a m ) is equal to the intersection number of 
(n , m x EV , m ) o C^Kq) with the class k x J[™ = 1 PD( ai ) in H t (M , m x M m , Q), i.e., 

ev^Xf } ■■.«".) ( 4 - 8 ) 

m 

= (n , m x EV , m )oC t (^ ) -M 0tmX M^ (« xUPD(a<)). 

i=i 

These suggest an equivalent definition of the invariants in (4.7) by the integration theory at the 
end of the subsection. 

Let the rational number in (1.6) be chosen as one given by (4.7) then these give the claims 
(i)-(iii) in Theorem 1.1 immediately. As to (iv), its proof is as follows: 

By (1.4) we can choose a continuous path (V^)te[o,i] m Symp (M, uu) with respect to the 
C°°-strong topology to connect idu = ipo to Vi = i 1 - Then {i>t J)te[o,i] an d ('0t'A t )tG[o,i] are 
respectively continuous paths in J(M, ui) and 1Z(M) with respect to the C°°-strong topology. It 
easily follows that each (M, w, ip$J, ipt At) is geometrically bounded and that (M, u>, tp^J, ipt M)te[o,i] 
is a strong deformation of the geometrically bounded symplectic manifold (M, u>, Jo, Mo) = 
(M,u>, J, fi). Therefore Theorem 1.1 (hi) leads to Theorem l.l(iv). 

Since M is a connected, oriented and noncompact manifold of dimension 2n one always has 

H°(M, E) = = i? 2n (M, M) and iJ°(M, E) = E = ff c 2 "(M, E). (4.9) 

Later without special statements we always denote by 1 € H°(M,Q) the fundamental class. 
From the definition we easily obtain the following simple properties. 

Theorem 4.2. Let a x E H*(M, Q) and a 2 , ■ ■ ■ , a m E iJ*(M, Q). T/ien 

^W&?m ^C^s.m]; ai, • • • , a ro _i, 1) = if m > 4 or A ^ Oandm > 1. 

cw («.M,J) r rT7 i.-, „ ^_ { J M ^ Aa 2A^ form = 3,,4 = 

5W A;0im (LM , ro j, ai, , «m) - | for m > 3, A = 

Here a* are closed form representatives of ai and ci\ has a compact set. 

Proof. The first result is a direct consequence of the reduction formulas. We put it here so as 
to compare it with the second conclusion. Theorem 5.9 gives rise to 

SWiTm ) W,m];ai,-" ,a m _i,l) 

= GW^l^MiM^n}): ai, ■ ■ ■ , a m _i) 

= ^Ki(0;«i.- ,« m -i) = 

because 07 7 m )*(£A'fg,m]) e /f 6 g-6+2m(-M g , m -i; Q) must be zero. 

Next we prove the second result. Assume that m > 3 and A = 0. One easily checks that 
Mo, m (M,J,0) = Mo, m x M and that the differential Ddj at any point [f] E Mo. m {M, J, 0) 
is surjective. So for any compact submanifold Kq C M of codimension the associated virtual 
moduli chain with Mo iJn (M, J, 0; if 3) (constructed by Liu-Tian's method as above) can be chosen 
as 

C{M , m x K 3 ) = {tt : M ,m x Int{K 3 ) -» W}, 
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where n(([T,,z],x)) = [E,z,x]. Note that EV , m o tt(([S, z], a;)) = (x,--- ,x) e M m and that 
n , m o7r(([S,z],a;)) = [S,z]. By (4.8) the GW-invariant QW^% J) {\M Q , m ];a u ■ ■ ■ , a m ) is exactly 
the intersection number of (n 0>m x EVo, m ) o 7r and the product map 

m 

id x J| a; : M ,m x C(a;) -» A4 ,m x M m , 

i=i 

which is equal to the intersection number of the map Ili=i ^» : ^™ with A(M m ) = 

{(a;, • • • , x) e M m | x e M} c M m . Therefore 

5<* J) (PWo, m ]; ai, • • • , a m ) = f AT =1 a*. 

J M 

Here a* are closed form representatives of an and ct\ has a compact support contained in K - 
By the dimension condition (1.5) we have Y^iLi dega* = 2m — 6 + 2n. It follows from (4.8) that 

niAt(u,n,J) f m i \ f if m > 3 

KoVPo,™];^,.,^)^ /^ajA^AaS if m = 3. 

□ 

For any < p < 2n there exists a natural homomorphism 

P : fl?(M, C) -» ff p (M, C), (4.10) 

which is given by [77] c i— > [77] when H*(M,C) (resp. H*(M, C)) is identified with the de-Rham 
cohomology with compact supports (resp. the de-Rham cohomology.) Here 77 is a closed p- 
form on M with compact support. Clearly F maps H P (M,R) (resp. H P (M,Q)) to H P (M, W) 
(resp. H P (M, Q)). By (4.10), both 1° and I 2 " are zero homomorphisms. It is easy to prove 
that a e Ker(P) if and only if a has a closed form representative (and thus all closed form 
representatives) that is exact on M. For any < p < 2n, we denote by 

H P (M,C) := H p (M,C)/Kct(I p ) 

and by a — a + Ker(P) the equivalence class of a in the quotient space H P (M,C). By (4.6) it 
is easily seen that 

GW^\n;a 1 J%a 2 ),--- ,a m ) = gW i ^\ K ;a 1 ,a 2 ,--- ,a m ) (4.11) 

if a\, a 2 £ H*(M, Q). However, even if a 2 £ H%(M, C),0 < q < 2n, but no one of {ai} 2 <i<m be- 
longs to H*(M,C), we cannot define ^VV^^f^K; P(ai), I 9 (a 2 ), • • • ,a m ) yet. Let a\ and ai be 

two representatives of a\ £ H P (M, C). Then ai — a[ £ Kcr(P). Since GW^'J 1 ^ (n; a±, ■ ■ ■ , a m ) 
is multilinear on a\, ■ ■ ■ , a m , k it follows from (4.11) that 

Definition and Proposition 4.3. Assume that one of the classes a 2 , ■ ■ ■ , a m also belongs to 
H*(M,Q). Then 

& W A,£m\ K '> ai, a 2 , ■ ■ ■ , a m ) = ^W^ m J) («; ai, a 2) • • • , a m ). 
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In particular SW^^(k; {cti}i<i< m ) = i/cii € Kcr(P). Thus if m > 2 one may define for 
any representatives on of Sj, i = 1, • • • ,k, 

G W A,£m\ K '> {"i}i<i<fe, , {ajfc+i<i< m ) := £W^ 9 M m J) («; {di}l<i<m)- 

Consequently, our Gromov-Witten invariants may descend to H*(M,Q)® m as long as m>2. 

An equivalent definition. It is well-known that the intersection theory is closely related to 
integration. The latter is more convenient in computation (see §5.3). In the original version of this 
paper we use integration theory to define our invariants. By de Rham's theorem for manifolds (cf. 
Th3.1 and the last remark (b) in Appendix of [Ma]), for every class a e H*{M, Q)UH*(M, Q), we 
may always choose a closed representative form a* on M such that its integral over every smooth 
integral cycle is an rational number. Similarly, since the orbifold is an rational (co)homology 
manifold, using Satake's de Rham's theorem for orbifolds (cf. [Sat]) we may also take for a 
given k e -H*(.Mg !m , Q) a closed representative form k* on M g , m Poincare dual to n such that 
the integral of k* over every smooth integral cycle is a rational number. Let {ai}i<i< m C 
H*(M, Q) U H*(M, Q), and at least one of them, saying ai, belong to H*(M, Q). Then we can 
choose their closed representative forms a* , i — 1 , • • • , m and a compact set Kq in M such that 

supp(A™ 1 <) C K . (4.12) 

By the construction of C(K ; {a i }^ 1 ;uj, \i, J, A)\ in (4.3) it is not hard to check that 

KJ*k* (4.13) 

C s (if ;{a,}™ vU,n,J,A)\ 
~ m 

= / ((n 9 . m x EV 9 , m ) o 7rj)*(K* x TTa*) 

JM*(K ) i=1 

for each I £ Af. Here because of (1.5) both integrations are taken on the top strata of two 
stratified manifolds in an obvious sense and exist since C g (K ; {a i }^ 1 ;uj, \i, J, A)\ and M^Ko) 
have compact closures. By (4.7) 



This and (4.13) gives 



= (PD( K ),[C t g (K 0] {a i }Z 1 ;u,»,J,A)}) 

= 1 

" = "E^ / Km)***' 
IeA r I 1 'I JC(Ka;{a>}r =1 ;u>,n,J,A)) 



GW { ^\K-a u --- ,a m ) (4.14) 

i r m 
" = "Ehm / ((n s , ro xEv 9 , m )o^)*( K *xn«*). 
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As explained for the formal summation in (4.5) we here write " X/ew' " ^° means that we only 
count these overlap parts once in the summation of right side of (4.14). Precisely, for I, J € Af 
with J <^-» I it is claimed in Corollary 3.15 that 

tt5 : (7r5) _1 (^j(^o)) C M\{K Q ) -> Im(^ 7 ) C M^Ko) 

is a |r/|/|rj|-fold stratawise smooth covering. So 

i*(^)-i(A4*(*o))(( n 3>™ x EV s , m ) o x UZi O 

= g/ Iffl(i;) ((n 9 , m x ev^o^) v x nr=i<). 

This shows that the part 



i r m 
pFTT / ((n 9>ro x EV ff , m ) <>*,)*(«* x JJat) 

in TT7T lM](K )(( n 9,m x EV g , m ) o ttj)*(k* x J]™ i a?) is equal to one 

pprr / ((n fl , m x EV s , m ) o tt,)* (k* x [] a*) 

in -jj^-j J^t (i<: )((n g ,TO x EVg !m ) o 717) (k* x n"=i a i)- For more details the readers may refer 
to our expository paper [LuT]. For simplicity we later shall omit the double quotation marks in 
" J2 IeJK f " without occurring of confusions. Hence we may use (4.14) to define the same invariants 
as (4.7). 

4.2 The homology class in (4.6 ) being independent of choices of sec- 
tions Si. 

We only need to prove the conclusion in the case increasing a section. Assume that a global 
smooth section s = {si}i e j^r of the bundle system (£*,V*) = {(Ej,Vj*)\I € Af} as = 
{(§ij)i}ieAf in (3.76) is such that the global section ^' = {ty'j \ I e A/"} of the bundle system 

(Pl£*,v* x b„/(R ,+1 )) = {(p^;,y; x b„/(R* +1 )) | / e Af} 

is transversal to the zero section. Here Pi is as in (3.75) and 



$i : Vj x B T (lR 9+i ) -» V\E*j, 

"3 1i 

(xi;t,t) i ^ (dj)i(xi) +y^ j y^ J tjj{sjj)i{x I ) +ts I (x I ). 
»=i j=i 



As in Corollary 3.15 and (3.75) we get a family of cobordant singular chains in W* , 
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where < e' < rj' and Bp es (IR 9+1 ) is a residual subset of B £l (IR 9+1 ). For < r < min{e,£'} let 
us consider the bundle system 

(Pl£*,V* x B T (R g+1 ) x [0,1]) = {{PIE^V; x B T (R g+1 ) x [0, 1]) | / e AT} 

and its smooth section $ = {<frj 1 1 e A/"}, 

$/ : (£j;t,i;r) i-> (Bj)i(xi) +^2^2u j (s ij ) I (x I ) + rts I (x I ) 

i=l j=i 

for any (xi; t,t;r) E Vf x B e <(IR 9+1 ) x [0, 1], where Pi is still the projection to the first factor of 
V* x B T (R ,+1 ) x [0, 1]. If t > is small enough, $ is transversal to the zero section. It follows 
that for each (t,t) in some residual subset B; es (R 9+1 ) of B T (M 9+1 ) and each I e N the section 

^ ( j ,t] : (xr,r) ^ $i(x,t,t;r) 

of the bundle (P^, Vj* x [0,1]) is transversal to the zero section. Any (t,t) e B; es (M 9+1 ) n 
B^ es (IR 9+1 ) yields a virtual module chain in W x [0, 1] 

:= HieM M*" : ( $ / t '* ) )- 1 (0) - W} 

with «;(*■*) = (C*(Jr ) x {0})U (-C( t '*)(K ) / x {1}). (ac(*.*) is the part of <;(*•*) of codimension 
one.) Here t can be required to belong to B£ es (R 9 ) because of the Claim A. 1.11 in [LeO]. 

Lemma 4.4([LcO]). Let X and Y be metric spaces which satisfy the second axiom of countability. 
Suppose that S is a countable intersection of open dense subsets in the product space X x Y. 
Consider the space X$ consisting of those x e X such that S(l{x} xY is a countable intersection 
of open dense subsets in {x} x Y. Then X$ is a countable intersection of open dense subsets in 
X. 

So C*(Jr ) and <?(*•*> (tfo)' 

are virtual module chain cobordant. It implies that the correspond- 
ing EVg jm oC t (if ) and EV 9jm oC*'*) (K )' , and thus the rational cycles Cg(K ; ^1^, u, fx, J, A) 
and (#,,;{<*<}£ i,u>,fi, J, A)' in M g , m ( as given by (4.5)) are cobordant. The desired con- 
clusion follows. 

4.3 The homology class in (4.6) being independent of choices of Wj. 

Firstly, we prove the case that a W n3 +i and the corresponding sections S(n 3 +i)j = /3(„ 3 +i)j • 
V(ns+i)j> J = 1, ■ ■ ■ , 5r» 3 +i; are added. In the case let us denote by 

Wo = u^Wi, £ = £A, g , m \m, Wi = u^^Wi, fi = ££ fli J Wl . 

Then W is an open stratified suborbifold of Wi and So = £i\w - Consider the stratified orbifold 
Wi x [0, 1] with boundary d(Wi x [0, 1]) = (Wi x {0}) U (Wi x {1}), and the pull-back stratified 
orbifold bundle pr*£i — > Wi x [0, 1] via the projection pr : Wi x [0, 1] — > Wi. Let us construct a 
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family of uniformizcrs of an open covering of it. For i = 1, • • • , 713 and j = 1, • • • , n 3 + 1 set 

W! = WiX[0,%), W! = WiX [0, |), <=t,xl, 

W^3 +j = X (I, 1], • = VF, X (1 , 1] , < 3+J = TTj X 1 , 

rj = {gxl\g€T i }, T'^^igxllgeT,}, _ _ 

5' = k^. ^ = (p r *£)k > ^ : WL X [0 ' 

K 3+j =Pn 3+j Ej, E' n3+j = (pr'£)\ w > a+j , Pn 3+j : Wi x (1,1] 

Here all pi,p n3 +j are the projections to the first factors. Setting 

"3 o "3 + 1 -, 

>V= (Qwi x [0,-)) U ( |J W t x (-,1]) and 5 = (pr*^)^. 

i=l i=l 

Then VV is an open stratified suborbifold of Wi x [0,1], and has also the boundary d W = 
(Wo x {0}) U (Wi x {1}), and 5 -> VV is a stratified orbifold bundle. 

Take r' fe -invariant, continuous and stratawise smooth cut-off functions f3' k on W k , k = 1, • • • , 2ra 3 + 
1 such that: 

• (3' k (x,0) = /?*(*), V(x,0) g W' k andfc = l,--- ,n 3 , 

• /?fcO,l) =/3fe-n 3 (a;), V(z,l) e W£ and k = n 3 + 1, • • • ,2n 3 + 1, 
. U k ° := {eeW k \ #(e) > 0} CC fc = 1, • • • , 2n 3 + 1, 

• u£?+ V fc '° 3 M g , m (M, J, A, K 3 ) x [0, 1], where V? = <(V£°) and V fc '° := {e6^| #(e) = 
1}, fc = l,--- ,2n 3 + l. 

Then we have: 

n (W k x {0}) = C/ fc ° x {0}, k = 1, • • • ,n 3 , 
C+fc n (W fc x {1}) = C/ fe ° x {1}, fc = 1, • • • ,n 3 + 1, 

v fe '° n (w fc x {o}) = v, x {o}, fc = 1, • • • ,713, 

VZ +k n (W fc x {1}) = V k ° x {1}, k = 1, • • • , n 3 + 1. 

Let Sjj = /3j • i>jj be the sections of the bundle Ei — > Wj satisfying (3.21), i = 1, ■ ■ ■ , n 3 + 1 
and j = 1, • • • , Qi. For fc = 1, ■ ■ ■ , n 3 we choose the sections of the bundle E' k — > W k , 

s'kj{x,t) = 0' k {x,i) ■ v k j{x) V (x,t) &W' k , j = !,■■■ ,q k , 

and for k = 1, • • • , n 3 + 1, ones of the bundle E' n3+k — > W' l3+k , 

s{ n3+k )j{x,t) = n3+k {x,t) ■ v kj {x) V{x,t) e W' n3+k , j = 1,--- ,q k . 

These q + q' sections satisfy the corresponding properties with (3.12). In this subsection q = 

E"=i H and l' = YTilV Qi- Lct N' be thc sct of a11 subsets I C {1, • • • , 2n 3 + 1} with W[ = 
C\i e iW- 7^ 0. Note that {W- | 1 < i < 2n 3 + 1} still satisfies the corresponding condition with thc 
second one in (3.20). For the original pairs of r r invariant open sets W- CC U- with 

Uj CC W} CC • • • CC WJ 13 CC C/" 3 CC W, n3+1 = Wi, 
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j = 1, 2, ■ ■ ■ , n3 and i = 1, • • • , 713 + 1 we take pairs of F^-invariant open sets Wj} CC U' k , 
k = 1, • • • , 2ri3 + 1 and I = 1, • • • , 2ri3 such that the following hold: 

U'k 1 CC W k 2 CC • • • CC " 3 CC (7f 13 CC ttf " 3+1 = VF fc ; 

n (Wfc x {0}) = W l k and n (W fe x {0}) = U l k , 
k = 1, • • • , 713 and Z = 1, • • • , 713 — 1; 

< 3 + + fc Z n(^ fc x{l}) = ^ and EC+fc n (W fc x {1}) = [/', 
fc = 1 , • • • , 713 + 1 and Z = 1 , ■ ■ ■ , 713 . 

Then as in (3.62), for each 7 € Af' with |7| = k we define 

T// = (n 4e7 ^' fe )\CT( |J (n jeJ Ci(l/f))). 

J:|J|>fe 

Let Af" = {7 C {1, • • • , n 3 + 1} | Wi = n ieI W t ^ 0}. It is easy to see that 

Af" = {I-n 3 \Ie Af', max(7) > n 3 }. 
For each 7 e Af" with |7| = we also define 

vl' = (n ieI wt)\ |J (n jeJ ci(u*)). 

J:\J\>k 

Let max 7 (resp. min7) be the largest (resp. smallest) number, 7 — 113 = {i — 113 | i £ 7} if 
min7 > n 3 . The keys are 

VI H (U- lW r fc x {0}) = { ^ X { ° } ' maX | J " 3 ' (4.15) 
v 7 [ (/), max 7 > n 3 , 

V/ H (u« 3 +^ fe x {!}) = { J?-- X mi ^> (4.16) 

v ' [_ (/), mm 7 < n 3 . 

As in (3.73) we also have the corresponding V/*, which satisfies the similar properties to (4.15) 
and (4.16). Repeating the previous arguments we get a (compatible) system of bundles 

(Pl£'*,V'* x B e (R q x R q ')) = {(PIE';, VI* x B n (R q x R q ')) \ I e Af'} 

and a global PS section S = {Si \ I € Af'} of it given by 

n 3 <H n 3 + l gi 

5 7 : (i 7 ;t,t') ~ (ej)7(57) + 2E*«(*«)j( 4 ') + E IX( S (i+»s)jM*') 

i=i j=i »=i 3=1 

for any (ij;t,t') € V/* x B e (M 9 x M 9 '), where t = {^} e R q and t' = {^} e M 9 '. 

For e > small enough, as in Theorem 3.14 we can use it to construct a family of cobordant 
virtual moduli chains with boundary and of dimension 2m + 2c\(A) + 2(3 — n)(g — 1) + 1 in W, 

/GAT' I 1 'I 
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for (t,f) e B' e e;s (M 9 x M. q '). Here s}*'*'^/) = 5j(ij; t,t'). Note that the stratified smooth 
manifold (Sj t ' t ^) _1 (0) has no boundary if and only if I e Af' contains at least two numbers, 
one of them is no more than n 3 and other is no less than n 3 . So its two boundary components, 
denoted by C^'* '(i^o)o and C^'* \Ko)i, are respectively virtual moduli chains in Wo x {0} and 
Wi x {1} given by 

c^'\k ) = TfM M ■ (5| t ' t ' ) )- 1 (0) n (^)- 1 (w x {0}) W x {0}}, 

C^iKo), = J2 WnM ■ (4 t ' t ' ) )" 1 (0) n (tt^-^W! x {1}) - Wi x {!}}. 

J€JV',min(J)>n 3 ' J ' 

Consider the evaluation EV SiTO : W — > M m , (x,i) EV Sim (a;), and denote by EV° and 
EV grn the restrictions of it to Wo x {0} and Wi x {1} respectively. Using EV° g m o C^'^JfoJo 

as in Proposition 4.1 we can derive two rational cycles 

C^ t ')(^o;{^}™ 1 ;^,M,^^)o and C^'HKoAa^-^^,^^, 

in A4g im of dimension 2ci(M)(A) + 2(3 — n)(g — 1) + 2m — degaj, respectively. Note that 

EV 9jTO o C( t,t ')(K' ) has exactly two boundary components, EV° m o C^'*') (K'o)o and EV ff o 
(j(t.t )(AT )i. As usual we can use it to construct a rational chain C^ t:t '(-ftT ; {<5i}™ i! w, /U, J, A) in 
■A4g,m of dimension 2ci(M)(A) + 2(3 — n)(g — 1) + 2m + 1 — X^Li deg a * with exact two boundary 
components Cg*'* \K Q ; {a,}™ 1 ; //, J, A) and Cg*'* '(-Kq; {^ilj^ii w : <A ^)i- So we get 

[<#■*'> (tf ; /x, J, A)„] + [<#•*'> {a,}™ i; w, A 1 ; J, = 0. (4.17) 

For (t,f) e B^ es (R 9 x M 9 '), by Lemma 4.4 we can require t e B™ S (M 9 ) and t' e B;', e;s (IR 9 '). 
Note that {I £ Af' \ max(J) < n 3 } = N and that (4.15) implies that C (t ' t ' ) (i^ )o is actually 
independent of t'. Therefore Cg*'* \Kq\ {«»} £Li! <A ^)o is exactly identified with the virtual 
module cycle C*(X ; {<5;}™ 1; w > J, -4) in (4.5). So 

[C^(Ko;{ai}Zi^^,J,A) ] = [C*(tf ; l5 w, fi, J, A)}. (4.18) 

Using the bundles Ef — > and their sections = fa ■ i>ij, i = 1, • • • , n 3 + 1, j = 1, • • • , we 
can construct as before a bundle system 

(P^"*,U"* x B £ » (IR 9 ')) = {(PJ^y*, V"* x B e »(IR 9 ')) I J £ A/""} 

and its global smooth section ^ = {^j \ I £ Af"} given by 

"3 + 1 9. 

i=i j=i 

for any (x /; t) G U/'* x B e » (R 9 '). Here 

v/'* = v'j n w*, y/'* = (ttj)" 1 ^/'*), £"* = ^i rj ly r - 



52 



Denote by 

Cj(#o;{ai}£i;w,/i, J, A)", t g B^ S (M 9 ') 

the corresponding cobordant rational cycles in M.g t m constructed from them. As above we can 
take t = t' and identify -C^ (K ; {a^^ui, fi, J, A) 1 with C*' (K ; {c^}™ ^ u, fi, J, A)". Hence 

-[^(Jfo;^!^,/!.;^)!] = [C£'(tf ;{ai}£i;w,/i, J,A)"]. (4.19) 
It follows from (4.17), (4.18) and (4.19) that 

[C*(#o;{aJ™i;w,M,^)] - [<(^ ;{ai}^i;w,/i, J, A)"]. 

The desired conclusion is proved. 

The general case easily follows from §4.2 and the above arguments. 

Remark 4.5. If (M, uj) is a closed symplcctic manifold we may take K = M and Wi, i — 
1, ■ ■ ■ , no to construct a virtual moduli cycle C* as in Proposition 3.16. It gives a homology class 
[C*] G if r (B^ 9|m ;Q). Here r = 2m + 2a(A) + 2(3 - n)(.g - 1). The arguments in last two 
subsections show that it is independent of the choices of neighborhoods and sections. Suitably 
modifying the arguments in this subsection one can easily prove that it is also independent of 
the choice of almost complex structures J € J(M, u>) and in fact only depend on the symplectic 
deformation class of the symplectic form u>. Using H g . m and EV ffiTO we get a homology class 

[M g , m (M, (oj),A)} = (n s , m x EVgMfi*]) G H r (M g , m x M m ;Q), 

called the virtual fundamental class, where (u>) denotes the deformation class of the symplcctic 
form lo. It can be used to define the Gromov-Witten invariants for closed symplectic manifolds 

SWfiK : H*(M g , m ; Q) x H*(M; Q)® m -> Q 

by gwj[j(/t; ai, ■ ■ ■ , a m ) = (fM fl , m (M, (u),A)],PD(k) A^a*). This case had been com- 
pleted by different authors(cf. [FuO, LiT2, R, Sie]) though we do not know whether or not our 
result is same as one of them. 

4.4 The homology class in (4.6 ) being independent of choices of K . 

We shall prove it in two steps. 

Step 1. Take a positive integer r > 3. We furthermore choose 

f W G M g , m {M, J, A; K r ) \ M g , m {M, J, A; K 3 ), i = n 3 + 1, • • • , n r 
such that the corresponding V® (i) and W t (») , and the original ones satisfy 

D ~M g , m (M, J, A; K r ). 

Note that (3.16)-(3.19) imply 

WiH Wj = 0, Vi < m, j > n 3 . (4.20) 
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We still use the abbreviation notations below (3.20). For i = 713 + 1, ■ ■ ■ ,n r , we furthermore take 
the sections of the bundle Ei — > Wj, j = 1, • • • ,qi satisfying (3.21). We replace W and £ with 

W^U^Wi and f'^U^ 

and denote by Af r = {I C {1, • • • ,n r } | Wj = HjgjWj ^ 0}. On the basis of the original pairs 
of Ti-invariant open sets W? CC U?, j = 1, 2, ■ ■ ■ — 1, i = 1, ■ ■ ■ ,713 we add some pairs of 
IYinvariant open sets W/ CC £// such that for i = 1, • • • ,n r , 

{// CC • • • CC VF™ 3 CC t/f 3 • • • cc Wf r_1 CC U^ 1 CC VF™" = Wi. 

Then as before, for each I E Af r with |7| — k we define 

vj = (n ieI w i k )\( |J (n jeJ ci(u*))) (4.21) 

J:\J\>k 

and get the corresponding V[* . Let (/' = J2?=i Qi- Repeating the previous arguments we get a 
(compatible) system of bundles 

(Pl£'*,V'* x B Vr (R q ')) = {(PIE? ,V{* x B nr (R g ')) \I eJV r } 

and a global smooth section 1 J> / = {v&j | 7 e W r } of it given by 

*J : (xj,t) ~ (a, 7 )Ki/) + EE^ • (4-22) 

»=i j=i 

for any (ij,t) € V/* x B^R 9 ). As in Corollary 3.14 we have a positive number e r E (0,?j r ) 
and a family of cobordant virtual moduli chains in W* D W*, 

£*(#„)' := 2 iffM : M *(Ko)' - W*} VteB™ s (IR 9 '). (4.23) 

Now we need to compare these virtual moduli cycles with ones in (3.83). To this goal recall 
that a subset of a topological space is often called residual if it is the countable intersection of 
open dense sets. Therefore Lemma 4.4 asserts that if S is residual then X$ — {x E X | SO ({x} x 
Y) is residual in {x} x Y} is residual in X. For r > 3 and B £i ,(M 9 ) we define 

Pr = sup{p > I B p (R q ) x B p (R q '- q ) c B Er (R q ')}. 

Then B Pr (R q ) x B Pr (R q '~ q ) C B £r (R q '). Each t E B £r (R q ') can be written as (tW,t< 2 )), where 
t« G B Pr (R q ) and t< 2 ) E B Pr (R q '~ q ). Denote by B™»(R*) be the set of t« e B Pr (R q ) such 
that B r e c ; s (R q ') n ({V 1 )} x B Pr (R q '~ q )) is residual in x B Pr (R q '~ q ). By Lemma 4.4 it is 
residual in B Pr (R 9 ). Thus the intersection 

B^ S (M 9 ) n B r p e 3 9 (R q ) c B^ S (M 9 ) 

is also residual in B Pr (R 9 ). In particular it is nonempty. This shows that we can always take 
t = (tW,t( 2 )) E B™ S (M 9 ') such that E B r £ e r s (R q ). Here we can also assume that e r is less 
than e in (3.83). 
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Let us compare the virtual moduli cycle C t (-K'o)' with one C* 1 (Kq) obtained by (3.83). By 
(4.20), if I e Af contains some number i e {n\ + 1, • • • , n 3 }, then Wj C Wj. By (3.16)-(3.19) and 
choice of fW it is not hard to see that each map in Wj has the image set contained outside K . 
Therefore the image of the map EV Sjm o 717 : A4^(Kq) — » M m is contained outside the subset 
XJ 1 C A4 s , m x M m . It follows that the fibre product 

C(K ; {oi}^, ^, J, A)*^ =0 

and thus that 

Cj (1) (Jifo;{a < mi;w,/i,J,A) (4.24) 



= E lFT{ n U : {ai}£i;w,/i, J,A)f -+ M g , m } 
= E 7^{nJ, m :C'(Jfo;{aimi;w,/i,J,A) t J (1> ^^f fliro }. 



/eM 1 J 1 

Here Wi = {/ £ Af | max(7) < ni}. The same reason leads to 

C*(^o;{^}™i;w,m,J,A)' (4.25) 
= E J-r{n^ m :Cr(^o;{ai}£i;w,/i,J,A)?^M flirn } 

= E T^{Krn--C(K aa i }Z 1 -,u,»,J,Ay i t ^M g , m }. 

Here C(K ; {a^}™ ^ w, /z, J, A)^ is the fibre product obtained in (4.3) by replacing AA\ (K ) and 
7T 7 by M\{K )' and 7^ respectively. For I e Afi with |7| = fc, (3.62), (3.63) and (4.21) imply 

^/ = (n^)\( (J (rwCi(ltf))), 

JeAT:|J|=fe+l 

V,' = (n ie ,wf ) \ ( (J {n jeJ ci{u!))). 

JeAT r :\J\=k+l 

Note that D jeJ Cl(U^) and Hie/W^ are disjoint if J contains a number greater than n 3 . So 

(n ieJ w*)\Ci( |J (n jeJ C7([tf))) 

JGA^ r :|J| = fe+l 

= (n ieI wt)\ci( |J (n jeJ C7(^))). 

JeA/":|7|=fe+l 

This implies that Vj = V/, V7 e M- It follows that 

t>; = v;*, = e';, ^ = 5fj, (%), = 

VI e M, « = 1, • • • ,n 3 ,j = 1, • • • 
But (s-j)/ = for any i > n 3 . It follows from (4.22) and the definition of \& / in (3.76) that 

M*(^o)' = ^f'(ifo) x {t( 2 )}, V/ g M- 
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From this, (4.24) and (4.25) it follows that C* U) (K ; {aj™ x ; w, [i, J, A) can be identified with 
Cg(K ; {etijiLijU, fi, J, A)'. We get the desired result 

[Cf '(^{a;}^;^, J, A)] = [(* g (Ko;{a i }Z 1 -,w,v l ,J,A)']. 

Step 2. Let K' C M be another compact subset containing suppt(ai) D suppt(A™ 1 a i ). Since 
^^L\K r = M we can take a positive integer r > 6 such that 

K' 3 := {x G M | d(s, # ) < 3C} C tf r _ 3 . 

ThenA4 s , m (M, J, A; i^) C A4 s , m (M, J, A; K r _ 3 ). Assume as above that f! e M g , m (M, J, A; K 3 ), 
i = 1, • • • , Is, and their open neighborhoods W[, i = 1, • • • , Is, and the sections &ij, i — 1, • • • , ks 
and j = 1, • • • ,Pi can used to construct a family of cobordant virtual moduli chains 

C t(1) , Vt« e B£ es (R p ). 

Hcrcp = pi+- ■ -+Pk 3 - Furthermore we choose points f- G A4g lTn (M, J, A; K r )\A4 g , m (M, J, A; K's), 
i = Is + ,l r , and their open neighborhoods W-, i = l 3 + 1, ■ ■ ■ ,l r , and the sections 

i = Is + 1, - ■ ■ ,l r and j = I,--- ,Pi such that they and the open neighborhoods W[, 
i = 1, • • • , I3 and the sections try, i = 1, • • • , £3, j = 1, • • • together can be used to form 
another family of cobordant virtual moduli chains 

C\ VteB^(IT'), 

where p' = pi H + Pfe r • By Step 1 we know that using the virtual moduli chains C t(1> and C* 

yields the same homology class in (4.6). On the other hand, the above construction of C* shows 
that the virtual moduli chains &{Kq)' of (4.23) and C* also gives the same homology class in 
(4.6) for any t G B™ S (M 9 ') and t' e B^ S (M P '). Therefore the statement of this subsection is 
proved. 

Remark 4.6. In the arguments above we have chosen the constant C given by (3.18). That 
is, C = 6 + 7 ^i° rg Uj(A). Actually the methods of this subsection may be used to prove that the 

left side of (4.11) is independent of choices of a fixed constant C > 6 + -^^—uj(A). Indeed, for a 

given constant C > 6 + ■^^—u(A) and the compact subsets 

Kj :={qeM\ d^q, K ) < jC}, j = 1, 2, • • • , 

we can choose a positive integer number r > 3 so large that K 3 C K r and thus 

M g , m (M, J, A; Ks) C M g , m (M, J, A; K r ). 

Here Ks is given by (3.17). Then we can use the methods of this subsection to construct two 
virtual moduli chains C and C\ from M g ^ m (M, J, A; K 3 ) and M g . m (M, J, A; K r ) such that using 
Co and C\ yields the same homology class in (4.6). 
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4.5 The homology class in (4.6) being independent of choices of almost 
complex structures J G J~ (M , cu , fj,) . 

We want to prove that 

Jo, A)] = [Cj(tfo;{ai}£i;w,/i, Ji,4)] (4.26) 

for any two Jo, Ji € J(M,uj, fi). Without loss of generality we assume that (1.1) holds for them. 
By Proposition 2.3 we have a smooth path (Jt)te[o,i] m <J{M, oj, fi) connecting J to J\ such that 
for 70 = o%/0$(< a ), 

uj(X,J t X) > jo\\X\\l, VX e TM and i e [0,1]. 
We still assume that suppt(A™ ^j) is contained in if . Take a positive constant C satisfying 

C>6+-^w(A). 
ttTo^o 

Then for Kj := {q e M \ d^q, K ) < jC}, j = 1, 2, • • • , we have 

Im(f) C Jf 4 , Vf G A4 s , m (M, J t , A; K 3 ) and i e [0, 1]. 

Using U te fo j i]A / l £ , lTO (M, J t , A; K%) we can construct a virtual moduli chain cobordsim between the 
virtual moduli chains associated with _M SlTO (M, Jo, ^4; A3) and one with Mg ym (M, Ji,A; K3). It 
may yield the cobordant rational cycles Cg(K ; {a^^L^oj, (i,Jo,A) andC* (K ; {a^^L^oj, fi,J\,A) 
in Mg t m- Equation (4.26) is proved. 

4.6 The dependence of the homology class in (4.6) on Riemannian 
metrics and symplectic forms 

In this subsection we shall prove that the homology class in (4.6) is invariant under the weak 
deformation of (M,oj, J, n). As before we assume that suppt(A^ 1 aj) is contained in K n . Let 
(M, u> t , Jt 5 Mt)te[o,i] be a weak deformation of the geometrically bounded symplectic manifold 
(M, oj, J, /«). Take a positive constant C satisfying the following property: 

C>6+-^w(A). 

Then for Kj := {q e M \ d(q, K ) < jC'}, j = 1, 2, • • • , by the third condition in (1.3) we have 

U te[0 ,i]{Im(f) I f e M g , m (M, Jt,A- K 3 )} c K A . 

Since K4 is compact, for any t € (0, 1] we can use Aig,m{M, J S ,A; -K3), s e [0, t] to construct a vir- 
tual moduli chain cobordsim between the virtual moduli chain associated with A4g t m(M, Jo, A; K3) 
and one with At gjTn (M, J t , A; K 3 ). As in §4.5 we can easily show that 

[CKK^ia^U^t^uJuA)] = [Cj(tf ;{ai}£i;w,/i, J,A)] Vt G [0,1]. 

Remark 4.7. In the above arguments all almost complex structures are assumed to belong 
to J(M, u, fi). Actually, all arguments from §2.1 to this subsection are still valid for all almost 
complex structures in J T {M, oj, /Li). 
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4.7 The case of a compact symplectic manifold with contact type 
boundaries. 



Similar to the case of closed symplectic manifolds in Remark 4.5 we may follow a way given in 
[Lu2] to use the above techniques to construct a virtual fundamental class [M. g ^ m (M, (u) c , A)] e 
H r (M.g tm x M m ;Q) which may be used to define GW-invariants. Hereafter (u) c always denote 
the deformation class of u> with contact type boundary. We below will give it as a consequence 
of Theorem 1.1 again. Recall that a compact 2n-dimcnsional manifold (M,oj) with boundary is 
said to have contact type boundary dM if there exists a positive contact form A on dM such 
that dX = oj\dM- The positivity of A means that A A ((iA)™ _1 gives the natural orientation on dM 
induced by u> n . Note that for such a manifold (M,oj) one may always associate a noncompact 
symplectic manifold, denoted (M, u;) such that 

M — M Ugjv/ X {i) (dM x [1, +oo) and 
ui on M 



d(z\) onOM x [l,+oo), ^ 4 ' 27 ^ 

where z is the projection on the second factor. There is a class of important almost complex 
structures on dM x [1, +oo). Let £\ = Ker(A) and X\ be the Rceb vector field determined by 
ix x X = 1 and ix x {d\) = 0. Using the natural splitting T(dM) = and a given complex 

structure J e J(^\,dX\^ x ) on the bundle £a — + dM we get a w-compatible almost complex 
structure on dM x [1, +oo) as follows: 

J(z, x)(h, k) = (-X(x)(k), J(x)(k - X(x)(k)X x (x)) + hX x {x)) (4.28) 

for h e M = T Z M. and k € T x (dM). The corresponding compatible metric gj is given by 

gj{z,x){{hiM), (hi, k 2 )) = gjixXh - \(x)(ki)X\(x), k 2 - X(x)(k 2 )X x (x)) 

+ h x ■h 2 + X(x)(k 1 ) ■ X(x)(k 2 ) 

for hi, h 2 e M and ki,k 2 G T x (dM). Therefore we get 



mhi,ki),(h 2 ,k 2 ))\<\\(hi,ki)\\ gj -\\(h 2 ,k 2 )\\ gj , 

\\(hi, ki)\\ gj = \\ki- X(x)(ki)X x (x)\\l +hl+ (X(x)(k!)) 2 . 



(4.29) 



Fix a Riemannian metric /ii on dM. The product of it with the standard metric t on [1, +oo) 
may be extended to a Riemannian metric on M, denoted by /i. By Lemma 2.2 of [Lul] it is 
easily proved that fi is a geometrically bounded Riemannian metric on M . Since M is compact 
there exist constants < 71 (A, J) < 1 < 72 (A, J) such that for any v € T(dM), 

7i (A, J)NU < v /|k-AHX A || 9j + |AHP< 72 (A,J)||«|U 1 
This and (4.29) give 



7i(A,J)||X 1 t<||X 1 ||„<72(A,J)||X 1 ||, t , 
\u(X 1 ,X 2 )\ <72(A,J) 2 ||X 1 || Al .||X 2 || Al 



(4.30) 
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for X x = (h 1 ,k 1 ),X 2 = {h 2l k 2 ) g TM. 

By Proposition 1.2.1 in [IS] each J e J(M,u>) can be extended to a 2-compatible almost 
complex structure J on M such that J = J on dM x [2, +00) and thus gj = gj on dM x [2, +00). 
Clearly, by decreasing 71 (A, J) and increasing 72 (A, J) we can assume 

7i (A, < ||Xi|| flJ < 72 (A, VXi e TM. (4.31) 

This and (4.30)jshow that J g J(M,uj,fj,). 

Since M C M is a proper deformation retract there exists a natural isomorphism H*(M; Q) = 
i?*(M;Q). So the cohomology classes ai,--- , a m <G H*(M;Q) may naturally be viewed as 
classes in H*(M; Q). Let k e H*(M g , m , Q); by Theorem 1.1 we have a rational number 

ew£^ J Wi,---,<* ro ). (4.32) 

Seemingly, it depends on u>, A, J and /xi, J. Actually this number is independent of their 
suitable choices. Firstly, for two Riemannian metrics fj,^ and ^ on dM let fi^ and /Z 1 ) 
be the corresponding metrics on M obtained by fif^ and /z^ as above. Since the set of all 
Riemannian metrics on a manifold is convex we get a family of Riemannian metrics on M, 
//« =Jl _ f)^(0) + ^(i) w ith t g [0,1]. Note that /zW = ((1 - t)^^ x r outside 

A'/ C M. It is not hard to prove that (^)te[o.i] is a continuous path in Q1Z(M) with respect to 
the C°°-strong topology. Therefore Theorem l.l(iii) implies that (4.32) does not depend on \i\ 
(and thus [1). 

Next for a smooth path (Jt)*e[o,i] in J{M,uj) and a smooth path ( J t ) tg [ .i] in J(£,\, ^A|^ A ) we 
may extend (Jt)te [0.1] into a smooth path (Jt)te[a.i] in J(M,uj) such that J t — Jt on dMx [2, +00) 
for any t G [0, 1]. Here Jt is obtained by replacing J with Jt in (4.28). One easily proves that 
(4.31) uniformly hold for all Jt, Jt and suitable positive constants 71 (A, {Jt}) and 72(A, {Jt})- 
As in the proof of Theorem 1.1(h) we can show that (4.32) is independent of choices of J and J. 

Thirdly, we show that (4.32) is independent of choices of A. Let us denote by 

Cont+(M, dM,u) 

the set of the positive contact form A on dM such that d\ = uj\qm- It was proved in Lemma 2.1 
of [Lu2] that Cont + (M, dM,co) is a convex set. Thus any two points Ao, Ai in Cont+(M, dM,ui) 
may be connected with a smooth path (A t ) te [o j i] in Cont + (M, dM, ui). Using (4.27) and (4.28) 
we obtain a path (oJt)te[a.i] of symplcctic forms on M and a path (Jt)te[o.i] m J(M,uj) that are 
continuous with respect to the C°°-strong topology. Moreover, each (M, ui, J, /1) is geometrically 
bounded. By Theorem 1.1 (iii) we have 

GWf^\ K -, ai ,--- ,a m )=gwT°% J °\K-,a u ---,a m ). 

Finally, we study the dependence of (4.32) on w. Note that there exists an arbitrary small 
deformation of a symplectic form u> for which dM is not of contact type. Thus we must restrict to 
a class of deformations of the form u. A deformation of the symplectic form w on M, (u>t)te[o,i] 
starting at ui n = w, is called a deformation with contact type boundary if each (M, w t ) is a 
symplectic manifold with contact type boundary. Since each w t is exact near dM we may 
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construct a smooth family of 1-forms (\t)te[o,i\ such that each At belongs to Cont+(M, dM, oj t ). 
They give a deformation (£>t)te[o,i] °f symplectic forms on M by (4.27). Using these and a given 
metric \i\ on dM we may construct a continuous path (Jt)te[o,i] an d thus a continuous path 
(J t )te[o,i] 01 almost complex structures on M (with respect to the C°° strong topology) with 
Jt € J(M,uj t , /j,). By Theorem 1.1 (iii) we get that 

for any t £ [0, 1]. Summing up the previous arguments yields 

Corollary 4.7. Given a compact 2n- dimensional symplectic manifold (M,ui) with contact type 
boundary, and integers g > 0, m > with 2g + m > 3, and a class A £ H 2 (M, Z) the map 

SWT;t2 c ■■ H*(M g , m ;Q) x H* c (M;Q)® m Q 

given by GW^ 'g, im C ( K i a i> " " " j^m) := GWa£^P(k; ai, • • • , a m ) is well-defined and independent 
of all related choices. 

5 The properties of Gromov-Witten invariants 

This section will discuss the deep properties of the invariants constructed in §4. 
5.1 The localization formulas 

The following two localization formulas may be used to simplify the computation for the Gromov- 
Witten invariants. They show that it is sometime enough to use the smaller moduli space to 
construct a (local) virtual moduli cycle for computation of some concrete GW-invariants. Some 
special forms of them perhaps appeared in past literatures. We here explicitly propose and prove 
them in generality. 

Let A C A4g tm (M, A, J) be a nonempty compact subset. For given classes a\ £ H*(M,Q) 
and a2, • • • , a m £ H*(M, Q), as before we fix a compact subset Kq C M containing supp(A™ x a^) 
such that A C A4 gim (M, A, J; K 3 ). Now replacing M g , m (M, A, J; K 3 ) with A we take finitely 
many points [f,] £ A, i = 1, • • • , k, the corresponding uniformizcrs T7i : Wi = Wf { — > Wi and 
I\ = Aut(fi)-invariant partially smooth cut-off function on Wi to satisfy 

f\ k i=1 Wi = and Uti V? D A (5.1) 

for V® := Int({a; £ W \ [3 l {x) = 1}) and V£ = tt^ ), i = 1, • • • , k. As in §3 let s a , ■ ■ ■ , s % be 
the chosen desired sections of the bundles Ei — ► Wi, i = 1, • • • , k. Using these data and repeating 
the arguments in §3 we can construct a system of bundles {£* ,V*) = {(E},Vf), nj \ I £ A4} 
and a family of cobordant virtual moduli chains in W*(A) = U/ ej v fc U/ C U^ =1 V^° of dimension 
2m + 2 Cl (A) + 2(3 - n)(g - 1) 

C\K Q ,A) := Yl 7^- l {*i--M t I (K Q ,A)^W*(A)}, 
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for any t e B£ es (R 9 ) associated with A. Here q = qi + ■ ■ ■ + Qk and A/fc the collection of the 
subset J of {1, • • • , k} with Wi = C\ ieI W l ^ 0. Note that W(A) is only a neighborhood of A in 
^A g m i which ma y be required to be arbitrarily close to A. 

Now replacing EV 9jTO o &{Kq) in (4.2) by EV s . m o C t (ATo, A) we, as in §4.1, have the corre- 
sponding fibre product C(A, K : {aj}-™ ^ u, /x, J, A)* to (4.3) and a rational cycle 

Cj(A,Jf ;{oi}&i;w,/i,J,A) (5.2) 

= E ^{n^i^A,^;^}™!^,^,^^^^™} 

in M. g , m of dimension r = 2c\(M)(A) + 2(3 — n)(g — 1) + 2m — degaj, which corresponds 

to (4.5). If r < it is an empty set. In particular we get a homology class 

[C*(A,# ; J, A)} e tf r (AT s , m ,Q), (5.3) 

corresponding with (4.6). As in §4 we can prove that it is independent of all related choices. 
We call this class or the Poincare dual of it the Gromov-Witten class relative to A. Our first 
localization formula is 

Theorem 5.1. Let 2g + m > 3 and supp(EV* , m (l\"L i <*»)) C A. Then 

[Cj(A,Jfo;{ai}^i;«,M, J, A)} = [C*(K ; W™ i; w,/x, J, A)] (5.4) 
and thus for any homology class n € H*(A4 g , m ; Q) satisfying (1.5) it holds that 

ewi^Wi,--- = <PD(K),[Cj(A,^ ;{a i }^ 1 ;w,/i ) J,^)]). 

Proof. On the basis of the previous choices we furthermore take points 

[fi] G M g , m (M, A, J; K 3 ) \ A, i = k + 1, • • • , /, 

the corresponding uniformizers Wi and the L^-invariant functions Pi, i = k + 1, - ■ ■ ,1. Let 
$n ■ ■ ■ , s% be the chosen desired sections of all bundles E% — > W,, i = k + 1, • • • , /. Since W*(A) 
is a neighborhood of A in B^ g m we can assume 

An Wi = 0, i = fc + l,--- ,Z. (5.5) 

Denote by A/j the collection of the subset / of {l,--- ,1} with Wi = flig/Wj 7^ 0. Starting 
from Wj, §n, ■ ■ ■ , §i gi , i = 1, • • • , Z we can repeat the arguments in §3 to construct a system of 
bundles (£*', V*') = { (-£/', Vj"')) 7Tj | -f € A/j} and a family of cobordant virtual moduli chains in 
W*' = U IeM V I *\ 

C\K ) := T^l^i ■ M\{K Q ) W*'} 

/ 

for any t e B£, es (R 9 ) associated with A. Here q' = qi + ■ ■ ■ + qi- Let 

C t g {K 0] {a i }Zi;u,l*,J,A)= £ T^{Krn--C(Ko;{a i }Z 1 ^,^J,A)^M g , m } 
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be the rational cycle in M. g , m obtained from C t (ifo) as in (4.5). Note that Afk C Mi and that 
T'j = Ti for any / G 7Vfe. By (5.5) we have 

Cj(tfo;{ai}£i;w, /*,./, 4) (5.6) 
= E rF~| {^g ;TO : C(K ; {ai}^;^, fj,, J, A)\ — > ~M g , m }- 

Note that V? C Vf for / e 7V fe and that suppt(EV* iTO (A^ 1 a i )) is contained in A C U IeJ v k Vj*'. 
By the arguments in §4.1 it is not hard to see that when restricted on Uj eJ v fe V r *' the virtual 
moduli chains C t (ifo) and C t(1> (Kq, A) are cobordant for sufficiently small t = (t^\t^ 2 ^) e 
B" S (IR 9 ') with e B™ S (M 9 ). It follows that the rational cycles as in (5.2) and (5.6), 
C g m (A, K Q ; {ai}^; w, /x, J, A) and C*(if ; {ai}£Li; w, /z, J, A) are cobordant. This leads to (5.4). 
□ 

Note that for each nonempty compact subset G C M. g , m the set 

M g , m {M, A, J; K 3 , G) := {[{} e !M g , m (M, A, J; tf 3 ) | II s , m ([f]) C G} 

is a compact subset of A4g lTn (M, A, J; K 3 ). Take A = M. g ^ m {M, A, J; K 3 , G) we have 

Corollary 5.2. Let 2g + m > 3 and f-Z.5) ZioZd. // a homology class k e H*(A4 gm ; Q) /ias a 
cyde representative with the image set contained in G then 

eWA,£m("-><*i>--- ,a m ) = {PD{ K ),[C*{K i{ai}Z 1 -,u>, f i,J,A)]) 

= (PD(k) , [C* (A, K ; {oi}Zi, w, M, J, A)]) . 

Now we are a position to give the second localization formula. Denote by B^' gm := (II g!m ) _1 (S') 
and £^ s 5 m := ^ SiTO | b m,s , and by II* m and EV* m the restrictions of U gtTn and EV 5 , m to 
B^'grn respectively. Since S is a compact suborbifold of A4 g , m , A4 g , m (M, A, J; K3, S) is a com- 
pact subset of B^'grn- For each point [f] £ A4 g . m (M, A, J; K%, S) we can, as before, construct a 
neighborhood W£ of [f] in B^' gm and a uniformizer 7r| : W£ — > W/ with uniformization group 
r|. Repeating the arguments in §3 and §4 we can construct a virtual moduli chain of dimension 
2fc + 2ci(A) + 2n-2ng 

C* S {K Q ) := £ -L{7r|:^ 7 (^ )-W^} 
7£jVs I 1 /I 

in some neighborhood of .M s>m (M, A, J; if 3 , S) in B^' gm associated with M g , m (M, A, J; K 3 , S). 

As above we replace EV 9jm o C*(i^o) in (4.2) by EV g , m o Cg(Ko) and get the corresponding 
fibre product Cs{Kq; {an} /z, J, ^4)* with (4.3) and a rational cycle 

C*(^ ; {Oi}£i; W, J, A) S = ]T TfniKm C S (Ko; {Oi}Zl,U>, J, A)) - A4 g , ro }. 

in S of dimension r s = 2c\{M)(A) + 2k + 2n(l — g) — Y^T=i degai. The latter corresponds to 
(4.5). If r s < it is an empty set. In particular we get a homology class 

[Ct(tf„; W£i; w, /i, J, ^)s] e ff r . (5, Q), 
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corresponding with (4.6). As in §4 we can prove that it is independent of all related choices. We 
call this class or the Poincare dual of it the Gromov-Witten class with value in H*(S,Q). 

Note that codim(K) in (1.5) is equal to 6g — 6 + 2m — j. But the codimension codims(ft) of 
k in S is equal to 2k — j. Therefore (1.5) implies 

m 

^dcga 4 + codim s (K) = 2ci(M)(A) + 2n - 2ng + 2k. (5.7) 

i=l 

We define 

SWiTi&foai."- ,am) := (PD s (K),[C t g (K ;{a i }Z 1 ;u ) ,f,,J,A)s}), (5.8) 

and GVV^a '^rn)s( K: > a i' ' ' ' ' = if (1-5) ( or (5.7)) is not satisfied. As in §4 we may prove that 
GW^A'gm s( K > 011 ' ' ' ' nas tne similar properties to Theorem 1.1. Our second localization 

formula is 

Theorem 5.3. Under the above assumptions it holds that 

QW { X££ste a i>- ^m)=QW% g ^\n;a u --- ,a m ). (5.9) 

Proof. From the arguments above Proposition 5.1 we can take finitely many points [fj] e A := 
Mg lTn (M, A, J;K 3 ,S), i = 1,- • • , fc, to construct a system of bundles (£*,V*) = {(Ej,Vj), ttj | / e 
A4}, and then choose sections §ij : Wi — * Ei, i = 1, • • • , k and j = 1, • • • , % to construct a family 
of cobordant virtual moduli chains inW*(A) C B^ g m of dimension 2m + 2ci(A) + 2(3 — n){g— 1) 

C*(/f 0) A)= ^ -^{^:A4 7 (^o,A)^W*(A)} 

for any t G B" S (E 9 ) associated with Mg !Tn (M, A, J; K 3 , S). Here q = 91 H h q k . They 

determine a rational homology class as in (5.3). By Corollary 5.2 we have 

£W^ m J) («; ai,---, a m ) = (PD(k), [C*(A, A ; {aj™ i; w, n, J, A)}) (5.10) 

Let Rs be a retraction from a tubular neighborhood of 5 in M. g , m onto 5, and PDs(k) (resp. 
PD(S)) be the Poincare dual of k in H*(S,Q) (resp. 5 in H*(M g , m , Q))- Since one can take 
a closed form representative 5* of PD(S) with support in the tubular neighborhood, for any 
closed form k* s representing PDs(k) we get such a closed representative form k* := R* s (k* s ) U S* 
of the Poincare dual PD(k) in i? 6fl_6+2m - J 'CMg im , Q) of k G Hj(M g ^ m , Q). So (5.10) becomes 

^ftcir^) = / i£(«s)US* (5.11) 

JC*(A,Jf ;{a 4 }J2= 1 ;w,ft,J,A) 

= / 4- 

JSnC*(A,Jf ;{a i }™ i; w,^,J,A) 

Let W? = Wi n B^ m) W? = Trr^W?), /3| = frfc. and 5?. = tt? = 7^., i - 

1, ■ ■ ■ j an d J = 1) ■ " " > <Zi- As before we assume that 

W^ 1 cc C// cc Wf cc f/i 2 • • • cc Vtf- 1 CC U^ 1 CC = W i; 
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i = 1, • • • , k are the pairs of open subsets constructing ^{Kq, A) above. Set 
Wr = W(nB^ m and U? = U> nB«f im , 

then Wf = (Trfr^W/ 8 ) = ^ rl (Wf) and = «) _1 (^i 8 ) = T, rl (^i'*)- As in (3-62), for 
each / € A4 with |7| = r we define 

T//:=(n^r)\( u (n<w))) 

iG-T J:|J|>r j£J 

and y/* = y/ n V/. Then it is not hard to check that Vf and Vf* are equal to Vi n S^f m 
and V,* n B^'gin respectively. It follows that the corresponding system of bundles produced 
from them (£ S *,V S *) = {(Ef*,Vf*), nj 1 1 e Afk} is equal to the restriction of the system 
of bundles {£*,&*) = {(E},Vj*), Tti\I e A4} to B^ g S m . By increasing the number of the 
sections Sjj if necessary we may assume that the restriction of the section tyj in Corollary 
3.15 to (£ S * 7 V S *) is transversal to the zero section. It follows from that the rational cycle 
Cg(Ko;{ai}iL 1 ;u),fi,J,A)s in S associated with it is equal to the intersection of S with the 
rational cycle C*(A, K ; {a,}^; u, (J,, J, A) in M g , m . So we have 

(PDs(K),[Ct(K 0] {a i }Z 1 -,w, f jL,J,A)s])= [ k* s 

JCl(K a ;{& z }^ =1 -u,^J.A)s 

= I 4- 

J Sn& g (K ;{a i }™ :1 ;w,n,J,A) 

This and (5.11) together give rise to 

= (PDs(k), [(*{K ; {oi}Zi;u, J, A) s ]) 
= GW%^ s {K-,a u --- ,a m ). 

□ 

A special case of the formula (5.9) is the corresponding form of the formula (4.49) in [R]. For 
the invariant GYV^'c^rPs we ma y a l so obtain a similar localization formula to Theorem 5.1. 

5.2 The composition laws 

The composition laws for the Gromov-Witten invariants are the most useful properties. To state 
them we assume that g = g\ + g 2 and m = mi+m 2 with 2gi + rrii > 3. Following [KM] we fix a 
decomposition Q = Q\ U Q2 of {1, • • • , m} with \Qi\ — and then get a canonical embedding 

■ M gi! mi+1 X M g2 

,7712+1 — > M g>m , which assigns marked curves (Sj,^ \- ■ ■ j 2^4+1) ( i — 
1,2) to their union Si U S2 with z^ i+1 identified to and remaining points renumbered by 
{1, ■ ■ ■ , m} in such a way that their relative order is kept intact and points on Sj are numbered by 
Si. There is also another natural embedding ip : M g -\ tm +2 — * M g ,m obtained by gluing together 
the last two marked points. So <PQ(M gi , mi +i x M g2 . m2 +i) is a compact complex suborbifold of 
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M g>m of complex dimension 3g — 4 + m, and ip{M g -i, m +2) is a compact complex suborbifold of 
•M.g,m complex dimension 3g — 4 + m. 

Lemma 5.4. Assume that dim H*(M) < oo and that {/3i} is a basis of the vector space 
H*(M,Q). By Remark 5.7 of [BoTu] one has the Poincare duality: W(M) ^ (H?-p(M))* 
for any integer p. Thus dim H*(M,Q) — dim H*(M) < oo and we may choose a dual basis {uji} 
°f {Pi} * n H*(M), i.e., (u>i,(3j) = (w» A j3j, [M]} = J M lu 1 A /3j — %. Then the Poincare dual 
PD Il ([A M }) of the class [A M ] € H\\(M x M,Q) of the diagonal A M in M x M are given by 

PD U ([A M })= J2 CijplPiAtiPj. 

dcg /3i+deg f3j—2n 

where pk are the projections of M x M to the k-th factor, k = 1, 2, and 

Moreover, if [3* are the closed form representatives of Pi, then PD u ([Am]) has the closed repre- 
senting form 

a *m= CijplP* Ap* 2 (3*. 

dc g/ 3 t +dcg/3.,=2n 

By (4.9), H°(M, Q) = Q and H 2n (M, Q) = 0. So each 2n - deg/3* = deg uj t > 0. We always 
assume [3\ = 1. Note that in general the matrix (jj 1 - 7 ') is degenerate for noncompact M. If M is a 
closed manifold then (rf-?) is invertible and {rfi) -1 = (%), where rjij = f M Pi A [3j. In this case 

Proof of Lemma 5.4- Since H*(M) is finitely dimensional it follows from the Kiinneth formula 
(cf. Proposition 9.12 in [BoTu]) that <g> form a basis ff*(M x M,Q). (This is a unique 
place where dim ff*(M) < oo is used.) So PD U ([A M ]) € H 2n (MxM) and [A M ] e ff^MxM) 
can be written as 

£ijCtfA®& and c y(™ n ) _1 (ft) ® (™ n ) _1 (ft) 

respectively. Now on one hand 

([A M ],p*[w fc ] ApaN]} = / pJwfcApa^i 

= / i* p\iOk A i* p\llii = / LOkAwi, 

JM JM 

where z : M — > Am cMxMis the diagonal map. On the other hand 

([A m ],pM Ap5[wj]) 
= ^^-{(PD 11 )- 1 ^) ® {PD ll )-\Pi),P*i{"k] ApJN) 

= E c ^(- 1 ) dcsft ' dcsft (M,(^ II )- 1 (A))(M],(^ II )- 1 (/3 J ))- 
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So dj = (-i)dcg/3,-do g /3 J AoJ . = ( -_ 1 )doga )l .dc g ^ J m0J . A(J . because deg(PD II )~ 1 (/3 l ) = 

2n— dcg j3i = deg u>i . By the definition of the Poincare dual of a closed oriented submanifold on the 
page 51 of [BoTu], using the similar reason one may readily prove the second statement because 
dj 7^ implies that deg u>i + deg uij = dim M = 2n and thus that deg deg u)i + deg /3j deg vj is 
even. □ 

Theorem 5.5. Assume that dim H*(M) < oo. Let k € H*(Mg-i, m +2,Q), andcti e £f*(M,Q) } 
i = 1, ■ ■ ■ , m. Suppose that some at £ H*(M, Q). T/ien 

SWi^PW'* («);«!> • • • ,a m ) = • SVV^g^K; ai, • • • ,a m , 



Proof. Take a compact subset Kq C M containing supp(A™ 
S := ip(Mg-i, m +2) is a compact complex suborbifold of M g , m 
Consider the evaluation 

given by [£,z, /] (/(z m +i), f{z m+2 ). There is a map * : S _1 (Am) 
lifting of ip, such that the following commutative diagram holds: 



Since ip is an embedding 



complex dimension 3g — 4 



m. 



which is a 



S-^Am) 



n 



g-l,m+2 



fl-l,m+2 



B M 

A,g,m 



n„ 



Here +2 i s the restriction of n s _ 1 , , 



+2 to S-HAm). For [f] £ ^ fl _ lim+2 let 7Tf : W f 



W f 



be a uniformizer of a neighborhood of [f] in B^ g _ 1 m+2 constructed in §2.4. One has a nat- 
ural lifting Sf : Wf — > M x M of S given by (£,z, /) i— > (/(^m+i),/(zm+2)- It is eas- 
ily checked that Sf is transversal to the diagonal Am and that (Sf) _1 (AM) is invariant un- 
der the action of group Tf = Aut(f). Therefore (Sf) _1 (AM) is a Tf-invariant stratified Ba- 
nach submanifold of Wf. It may follow that E~ 1 (Am) is a stratified Banach suborbifold of 
^A, g -i,m+2 an d that 7Tf : (Sf) _1 (AM) — > Wf n S _1 (Am) gives a uniformizer of a neighborhood 
of [f] in 5 _1 (A M ). Note that M g , m (M, J, A; K 3 ) ^ implies that M g _ hm+2 (M, J, A; K 3 ) n 
S _1 (Am) ^ 0. As in the proof of Theorem 5.3 we first choose finitely many points [fi], ■ • ■ , [ffe] 



[f/ 



i\ m 



in M. g -i t m+2{M, J, A; K 3 ) n 5 '(Am) and then choose finitely many points [ffe+i], 
A4 9 -i, m +2(M, J, A; K 3 )\Mg-i. m +2{M , J, A; if 3) HS _1 (Am) to construct a virtual moduli chain 



C t (K )= Y, W i^i--M\{K ) 



W*} 



of dimension 2(m + 2) + 2ci(A) + 2(3 - n)(# - 2) in W* = U 7eA /;Vj* C W associated with 
A^ s _i >m +2(M, J, ^4;if 3 ). As in §4.1 we can use it to get a rational cycle 



C'AKo; {a^PD 11 (A m ); w, m, 4 ^) 



(5.12) 
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in M. g -\ t m+2 and its homology class 

in H ri (M g - hm +2, Q) for ri - 2ci(A) + 2m + 2(3 - n)( 5 - 1) - 2 - £™ i de S«- 
Since 7^ fi(z^ +2 ) for i = fc + 1, • • • , Z we can require 

(uU+i^)ns- 1 (A M )-0. 

Recall that the constructions of the virtual moduli chains in §3. It is not hard using our above 
arguments to show that for A4 := {I £ J\fi \ max(7) < k}, 



is a virtual moduli chain of dimension 2(m + 2) + 2c\{A) + 2(3 - n)(g — 2) - 2ra in W* n S _1 (Am) 
associated with M. g -i, m +2{M, J, A; K3) n S _1 (Am), where .M* (.Kb )r = (£o7Tj) _1 (Am) and 717 r 
denotes the restriction of 717 to Al*(Ko) r . (This actually implies that S0717 : .Mj(Ko) M x M 
is transversal to Am-) As in §4.1 we use dlHi ev i) °^-|-i(A M )(^o) to construct a rational cycle 

C^iKo; {aj™ i; W) J, A; E~\Am)) 

in A4 g -i t m+2 and its homology class 

[Cj_!(^o; W^i! w, n, J, A; H" 1 ^))] e ff ri (Af s -i, m+2 , Q) 

for n = 2ci(A) + 2m + 2(3 — n)(g — 1) — 2 — degai. It is easily checked that 

[C*_!(K ; {ai}r =1 ,ra 77 (AM);w, /x, J, A)] (5.13) 
= [<*_!(#„; i; w, J, A; S-^Am))]- 

Note that 5 _1 (Am) can be identified with B^' g S m via 'J'. We may consider C|-i(a m )(^o) as 
a virtual moduli chain in B^ gm associated with M g . m (M, J, A; K 3 ,S). In this case we have 

V>* [C^iKo; { ai }™ i; w, M , J, A; ^(Am))] = [C*(^o; l5 w, J, (5.14) 

Then by Theorem 5.3, (5.14) and (5.13) we get 

5 («);«!,••• ,« m ) 

= <>*(«); on, ■■■ ,a m ) 

= (PDsW. («)), [C*(ifo; 1; w, /x, J, A) s ]) 

= (P£)(K),[Cj_ 1 (^ ;{a i }^ 1 ;a;,/i,J,A;S- 1 (AM))]) 

= (P£)(K),[Cj_ 1 (^o;{a i mi,PI>"(AM);a;,/i,J,A)]) 

= £ c« (^(k), [Cj_i(#o; 1, A ® ft; w, ti, J, A)]) 
= KjGW { Z'g-i,m+2( K '> ai,-- - ,a m , Pi, Pj)- 
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Here the fifth equality comes from Lemma 5.4. Theorem 5.5 is proved. □ 

For i = 1,2, let Ki e H»(M. giimi ,Q), M € H 2 (M,Z) and integers gt > 0, rrii > satisfy 
2gi + rrii> 3. Moreover assume that at, "fk € H*(M 7 Q) for i = 1, ■ ■ ■ , mi and fc = 1, ■ ■ ■ , m 2 . If 
a s , -ft € H*(M, Q) for some s and £ we may take a compact subset K C M containing supp(a s ) 
and supp(7 t ). Consider the product stratified Banach orbifold x ^^. S2i m 2 - Repeating 

the arguments in §3 we can construct a virtual moduli chain 

C t (K ;{A i ,g i ,m i })= V -^{tt/ : K(^o; ft, mj) -> W} 

of dimension 2(mi+m 2 ) + 2c 1 ( J 4i+A 2 ) + 2(3-n)(.gi+. 92 -2) in B^ 1>giiTOl x B^ 2iS2)TO2 associated 
with _M sl , mi (M, Ai, Ji\ K 3 ) x M g2t m 2 (M, A 2 , J 2 ; K 3 ). Using the same ideas as the proof of (4.16) 
of Proposition 4.3 in [Lu3] we can derive that the virtual moduli chain C t (if ; {Ai, gi, mj) induces 
a virtual moduli chain C*(i^oi <7i> m i) f° r A4g ljmi ^li "Ai ^3) an d that C t (if ; ^2; 52, "i 2 ) 
for Mg 2 , m2 {M, A 2l J 2 ;K 3 ), such that 

C^^oK^i.ft.mi}) = C t (K ;A 1 ,g 1 ,m 1 ) x C^Ka, A 2 , g 2 ,m 2 ). 

As in §4.1 we can use them, a^, i = 1, • • • , mi and jj, j = 1, - ■ ■ , m 2 to construct a rational cycle 
in M gi , mi x .M 92 , m2 , 

C*)^ H-}™ 2 !; (5.15) 

of dimension 2(mi + m 2 ) + 2ci(Ai + A 2 ) + 2(3 - + g 2 - 2) - X)i=i a 4 - Sj=i 7j> an d that 

C t gi {K ;{a i }^ 1 ^^,J,A 1 ) 
in .M gi , mi of dimension 2m x + 2ci(^4i) + 2(3 - n)(gi - 1) — Y^T=i an ^ that 

C^ifo;^}™ 2 !;^,^) 

in .M S2lTO2 of dimension 2m 2 + 2ci(A 2 ) + 2(3 — n)(g 2 — 1) — Sj=i 7j> suc h that 

c ( 91 , 92 )(^o;{«J™ 1 i;{7 J }™ 2 i;^i^ 2 ) 

- C* x u, M, J, ^i) x C* 2 (Jf ; {7j}^= 2 i; w, J, A 2 ). 

As in §4 we may also prove that the homology class 

[^ 1 , 92 )(^o;{a i }™\;{ 7j }™ 2 1 ;A 1 ,A 2 )] e H.CM fll , mi x Al ff2 , m2 ,Q) (5.16) 

is independent of all related choices. 

Let Pi (resp. be the projections of B^ ugumi x B^ iS2;TO2 (resp. M gi , mi x X S2lTO2 ) to 
the i-th factor, i = 1,2. For i = 1, 2 let evj^ denote the evaluation at the k-th marked point of 
B^, gi , mt ,k = l,---,mi- H 

mi m2 2 

^ dcga s +^ deg7 r = ^(2ci(M)(^) + 2(3 - n)( 5i - 1) + 2m,) 

s— 1 r— 1 z— 1 



68 



we define 

^VV { ( ^' 4 ^ ) ) m4} (/ci,K 2 ;ai,- • • ,a mi ; 7l ,--- ,7m 2 ) (5.17) 
= (-l) dimKldimK2 (P^(«:i x k 2 ), [q giM) {K Q -,{a i }^ 1 -,{'y j }^ 1 -,A 1 ,A 2 )]) 

Otherwise we define S^{A^ g ^ mi }( Kl ' K2 ' ai ' ' ' ' > a mi;7ii 1 1 1 >7m 2 ) = 0- Note that 

PD(m X K 2 ) = (-l)( 6 5i- 6 + 2m i- dimK i) dimK 2 PZ) ( Kl ) A p£)( K2 ) 

Using (5.17) we get: 

Lemma 5.6. Under the above assumptions it holds that 

^ W {A^ mi }( Kl , «2! "I, ■ ■ ■ , "mi ; 7l> ■ ■ ■ , 7m 2 ) 
= ^WiT^ii («1 J «1 . ■ ■ ■ . "mi ) ■ ^^',32^2 («2 ; 71 . ■ ■ ■ . 7m a ) ■ 

Theorem 5.7. Assume that dimH*(M) < oo. Let Kj G if*(.M gijmi +i, Q), « = 1,2, and 
ct fc e i?*(M,Q) for k = 1, - ■ ■ ,m. Suppose that a s , a t £ H*(M,Q) for some sgQi and t £ Q 2 . 
Then 

A=A-i_+A 2 

E ^ • {«iW,)8fc) • gw^' 2 j X 2+1 (k 2 -, ft, { ai } ieQa ) 

k,l 

Here i] kl and {ft} are as in Lemma 5.4, g = gi + g 2 , and e(Q) is the sign of permutation 
Q = Qi U Q 2 of {1, • • • , m} wii/i \Qi\ = mi and \Q 2 \ = m 2 . 

By the explanations below Lemma 5.4 this formula is exactly the ordinary composition law 
if M is a closed symplcctic manifold. 

Proof of Theorem 5.7. Without loss of generality one may assume that Qi = {1,- • • , mi}, 
Q 2 = {mi + 1, ■ ■ ■ , m} with m 2 = m — mi, and s = 1, t = m. Let Ai £ H 2 (M, Z), i = 1, 2 and 
A = Ai + A 2 . Consider the evaluation 

T • II K M v K M — v K M 

1 • U °Ai,gi,mi+l X D A 2 , 92 ,m2+l °A,9,m 

At+A 2 =A 

given by ([S^, z^^W], p( 2 ), z( 2 ), /( 2 )]) ^ (/W(^ +1 ), /( 2 )(^)). There is a map 

£ Q : T~\A M ) - B% gtm , ([fM], [f< 2 >]) - [f^i f(2Hz ^% 
which is a lifting of ipQ, such that the following commutative diagram holds: 
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n, 



n 



M 



gi,mi + l X -Mg 2 ,m 2 + 1 



g,m 



Mr 



Here n r is the restriction of II := U Al +A 2 =ATlf 1 \ mi+1 x Hg 2 2 m2+1 to T '(A M ). Setting 

S := <pQ(M gumi +i x M 92 . m2 +i), 

it is a compact complex suborbifold of A4 g . m , and T _1 (Am) may be identified with B^'g m — 
(II^ m ) _1 (5) via the map <J5q naturally. 

Take a compact subset Ko C M containing the supports of ai and a m . If 

([fW],[f( 2 )]) e T-^AmJh (A4„ +1 (M, J, AO xM g2 , m2+1 (M, J,A 2 )) 

such that ^g([f (1) ], [f (2) ]) belongs to M g , m (M, J,A;K 3 ,S), then A = A x +A 2 , and it follows from 
(3.17) that [f«] e M gi , mi+1 {M, J,A x ;Ka) and [f( 2 )] G M g2 . m2+1 {M, J, A 2 ; K 4 ). Conversely, if 
([f (1) ],[f (2) ]) belongs to 

(M gumi+1 (M,J,A i; K 3 ) xM g2 . m2+1 (M,J,A 2 ;K 3 ))nr- 1 (A M ) 

then ^q([f (1) ], [f (2) ]) € ~M giTn (M, J, A; K 3 , S) for A = Ai + A 2 . Note that there only exist 
finitely many different pairs (Ai,A 2 ) G H 2 (M,Z) x H 2 (M,Z) such that Ai + A 2 = A and 
M sl , mi+ i(M, J,Ar,K4,) xM g2tm2+1 (M,J,A 2 ;K 4 ) ^ 0. Let (A^,A^), * = l,--- , ? , be these 
pairs. Set 

,mi + l (M, J, 4°; ^4) x M ff2 ,ro 2 +l 

(M,J,A 2 l) ;^ 4 )), 



i=l 



then _Mg lTO (M, J, A; ^3, 5) C <^q(S1) C .M s , m (M, J, A; K 4 , 5). As in the proof of Theorem 5.5 
we first choose finitely many points in f2, 

ft] = ([if >], [ff >]), i = 1 = k + 1, • • • , k 2 , ■ ■ • , Vi, ■ • • ,k q = k 

such that 

[fi] G T- 1 (A A f)n (AT ffl , mi +i(M, J, A^;^ 4 ) x AT 92 , m2 +i(M, J, A^;if 4 )) 

for i = kt + 1, • • • , fct+i, t = 0, ■ ■ ■ ,9—1- Then we again take finitely many points 

p 

,mi + l 

(M, J,A^;if 4 ) xM 92 

,m 2 + l 

(M, J, A^;if 4 )) \0 

t=i 

for i = fc + 1, • • • , I. Clearly, 

ti 1 \£\ +1 )^f\ 2 \z? ) ),i = k + !,-■-, I (5.18) 
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If [ti] = ([ff } ], [ff >]) e M gi , mi+} {M,J,A^;K 4 ) x M g2 , m2+1 (M, J,A^;K 4 ) we can, as before, 
construct the uniformizers 7T S , : W s i — > of neig hborhoods of [ff ] in B^ t) , s = 1, 2. 

Then 

7T 4 := 7T H x 7r 2i : Wi := W u x VK 24 -> VK, := W u x VK 2l 
is a uniformizcr of the neighborhood Wi of [fjl in x with the uni- 

A\',g 1 ,m 1 +l A 2 ',g 2 ,m 2 + 1 

formization group Ti := T u x T 2i , where T SI = Aut(ff >) for s = 1, 2. By (5.18) we may require 

Wi nfi = 0, i = k + 1,--- ,1. 

Moreover, for each i = 1, • • • , k let us denote 

Ti := T o tt, : W := W u xW 2i ^ M x M. 

It is not hard to check that it is transversal to the diagonal Am , and that the stratified Banach 
submanifold Tr (Am) is also invariant under the action of the group IV By increasing k and I 
if necessary we can use {(iTi, Wi, Wi, Ti)} - =1 to construct a virtual moduli chain 

Ct ^ = E ]fn {iri : M ^ Ko) ^ w * } 

ieM 1 11 

of dimension 2(m + 2) + 2 Cl (A) + 2(3 - n)(g - 2) in W* C W = uKWi C U^S^, x 

,(?i,mi + l 

,6^,, associated with 

A 2 ",g 2 ,m 2 +1 

<i 

(M,J,4 4) ;X 4 ) xM 92 

,m 2 + l (M, J, 4° j^)). 

i=l 

Let Pi be the projections of the product +1 x 2+1 to the i-th factor, i = 1,2. 

Also denote by the evaluations 

evf } : B% ugumi+1 M, [f«] ~ /^f >), j = 1, • • • , mi + 1, 
evf } : Bfc^+i - M, [f< 2 )] _> /(»>(*«), j = 1, • • • , m 2 + 1. 

As in (5.12) we can use the virtual moduli chain C t (Xo) and the evaluation Jli=Ji 

ev« x 

( ev m!+i x cv i^) x njL 2 2 +1 cv f ^ to construct a rational cycle in M gi . mi +i x jM fl2 , m2 +i, 

C ( 9l , 92 )(^o; {^*}i=i' PD 11 (Am), {<*i}£ mi+1 ;w, n, J, A) (5.19) 

of dimension r = 2m + 2ci(A) + 2(3 — n)(g — 1) — 2 — degaj, and prove that its homology 

class 

[ C L 92 )(^°; {^}™\, PP J/ (A M ), {a0™ roi+1 ; u>, J, A)} 

in H r (A4 gi ,mi+i x A4 ff2>m2 +i, Q) is independent of all related choices. The important is that 
the class of the cycle in (5.19) can also be constructed from another direction. In fact we only 
use the virtual moduli chain C t (_ft'o) and the evaluation Ylj^i cv ^ x IIJL^ 1 cv f ^ to construct a 
rational cycle in M gumi +i x M g2tTn2 +i, 

C( giig2) (^o;{ai}™ 1 1 ,{a i }™ roi+1 ;o;,M,J,^) 



71 



of dimension r = 2m + 2c\(A) + 2(3 — n)(g — 1) + 2n — 2 — a ij an d can a l so require that 

the restriction of (ev£^ +1 x ev^) to this cycle (or its domain) is transversal to Am C M x M. 
So we get a rational cycle in M git , ni +i x Al g2 , m2 +i, denoted by 

^ gil92) (^o;{a i }™\aaO™ mi+1 ;^M,J,A)n(ev« +1 xevf ) )- 1 (AM) 

of dimension r = 2m + 2ci(A) + 2(3 — n)(g — 1) — 2 — a i- ^ is not hard to check that this 

cycle gives the same class as one in (5.19). Namely, we have 

Ku g2 )( K ^ W£i> PD H (A M ), { ai }™ mi+1 ;uj, n, J, A)] (5.20) 
= [Cj giiS2) (^o;{aO™\,{aJ™ mi+1 ; W)M ,J,A)n(ev« +1 xevf ) )- 1 (A M )]. 

By the constructions of the virtual moduli chains in §3, it is not hard using our above argu- 
ments to show that for A4 := {I e M \ max(J) < k}, 

Ct- 1( a„)(^o) := £ ifl{^ : M(^o)r - W* n S-^Am)} 

is a virtual moduli chain of dimension 2(m + 2) + 2ci(A) + 2(3 - n)(g -2)-2n in W* n T _1 (A M ) 
associated with f2, where Al* (-Ko)r = (To 7T/) _1 (Am) and 7T/ r denotes the restriction of ttj to 
.M*(-Ko)r- (This actually implies that Y o 717 : _M*(.Ko) — * M x M is transversal to A M -) As 
in §4.1 we use the composition (Hj=i cv j ^ x II JST* ev j ) ° °f tnc evaluation rij=i ev j^ x 
nj^^ 1 ev j 2 ^ anc ^ ^> to construct a rational cycle in .M Sl , TOl +i x M.g 2 , m2 +i, 

C ( 91 , 92 )(^o; {Si^i.w, Mi J, 4 t-^Am)) 
of dimension r = 2m + 2c\(A) + 2(3 — n)(g — 1) — 2 — X^li a i; an d prove that its homology class 

[ C ( SllS2 )(^o; i; w, li, J, A; T-'(A M ))] 

in H r (A4 gil m 1 x A^ 92 , m2 ,Q) is independent of all related choices. It is not hard to prove that 

c \ 9 u 9 d K ^ te}£i. £ ". J > A; T-\A M )) 
= Cl ug2) (K ;{a l }Z\A^}Z mi+ i^,^ J,A)n (ev£ +1 x evfV^Atf). 
This and (5.20) give rise to 

P( Sl>52 )(^o;{ai}™ 1 1 ,^ J/ (A M ),{ai}™ mi+ i;w,M,J,^)] (5-21) 
= [ C ( Sl , S2 )(^o; i, w, J, A T-\A M ))]. 

Moreover using >~pq we can identify T _1 (Am) with B^' = (II^ m ) _1 (S). (In this case 
iti x K2 £ ff*(A^ Sl , mi +i x Mg 2 .m 2 +i,Q) is identified with (/Jq*(ki x K2) G H*(S,Q).) So we may 
consider C^.-i( Am )(^o) as a virtual moduli chain in B^ g m associated with .M SlTO (M, A, J; K3). 
In this case we have 

w*[ c L S2 )(^o; W™!,^, j.AjT-^Am))] = [Cj(#o; J,A) S ]. (5.22) 
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Then by Theorem 5.3, (5.22) and (5.21) we get 

0W& J W(«i x «2);«i. '••>«".) (5-23) 
= SW^f^siipQ^K! x k 2 ); ai, • • • , a m ) 
= (PDsitpQ.fa x K 2 )),[C t g {K ;{a i \Z 1 ;Lo,^J,A) s ]) 
= (PD( Kl x Ka), [C^ ljS2) (^o; i, w, M, J, 4 r^Aw))]) 

= (pr>(«! x K2 ),[c^ iiS2) (^o;{aO™ 1 1 ,^ I/ (A M ),{« i }™ mi+ i;^M, J,A)]). 

Note that the restriction of C t (i^o) to each open stratified Banach orbifold 

l 

K>M »M _ I I K?M K?M 

e A('>, fll , mi + l X °4 S) ^2,m 2 + l C U °A<", Sl ,m 1+ l X ® A? ,g 2 ,m 2 + l 

t=l 

gives a virtual moduli chain C t (_ft'o)s of dimension 2(m + 2) + 2ci(A) + 2(3 — n)(g — 2) associated 
with 

M gi (m, j,4 s) ;^4) x M ff2 

,7712 + 1 

Indeed, let 

s v A\ s > , gi , mi + l Ai, s> ,g 2 ,m 2 +l J ' 

M t I {K ) s := (7T / )- 1 (W s *)nX t / (^ ) 
and 7r| denote the restriction of 7Tj to M t I (K ) s - Then we may take 

c\k q ) b = 4, : M/(*o)- - w;>. 

In constructing rational cycle of (5.19), if we replace C*(ifo) by C*(lfo)s then we get a rational 
cycle in M gi , mi x Af 92 

^ 1;S2) (^o;{a i }™\,Pl) // (AM);{a j }r =roi+1 ;4 s) ,4 s) ) 

as in (5.15). Note that C t (Ko) s and C t (i^o)j might have nonempty intersection for s ^ j. 
However their top strata are disjoint each other, i.e., 

TC t (X ) s n T&iK^i = 0, a + j, s,j = 1, • • • , I; 

other strata have at least codimcnsion two. It is easily seen that these conclusions also hold for 
C L, 92 )( K ^ {ai}Z\,PD n (A M ); {a,}™ mi+1 ; A[ s) , A { 2 % s = 1, • • • ,q. It follows that 

[ C k S 2)(^o; ^ W (A M ), W™ roi+1 ; a;, /x, J, A).] 

= E [ C to, 92 )(^5 {^}™\,™ n (AM); {^1™ mi+1 ; 4 S) , 4 S) )] • 

8=1 

This and (5.23) give 
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£W&!™ 7 W(«i x «2);ai. • • • .«m) (5.24) 
= ^(P^( Kl x K2 )JC* gi ^ 2) (if ;{«a™\,^ // (A M );{aJ™ mi+1 ;A( s \4 s) )]). 
By Lemma 5.4 we have 

[ c ( S1>92 )(^o; PD H (A M y, K}™ mi+1 ; 4 S \ 4 S) )] 
= E c « [ c ( S1 , 92 )(^o; {ai}™ 1 !, A ® ft, WS^+i; 4'\ 4 8) )1 

= E^-^i,*)^ ® ® (®£ mi+ iOi);4 a) ,4 a) )]- 

Moreover, by the definition in (5.17), 

^yy(w,^,j) (KijKajai,- • • ,a mi ,(3i;/3j,a mi+ i,- ■ ■ ,a m ) 

X^i ■9i; rn i $ 

is equal to 

(-i) dimKldimK2 (^(«i x «2), [C^, 92) (if ; (®"W ® ® (®™ mi+1 a 2 );4 s \4 s) )]}- 

From (5.24) and Lemma 5 It follows that 

= (" 1 ) £ EE c 'i^f<w'' ) (ki,k 2 ;q;i,--- , a mi , a mi+ i, • • • ,a m ) 

8=1 *|J 

9 

= (" 1 ) £ EI! Cl ^ W !,(* J) >V. A) • £W (t ^' J) (K 2 ;ft,a mi+ i, • • • ,a m ). 

Z — /Z — / J ',gi,mi Ai, ' ,g 2 ,m 2 

s=l i,j 

Here e = diniKi dimK 2 . Note that the dimension condition (1.5) implies 

mi m 

^ deg on + deg «i e 2Z and ^ dcg a, + n 2 € 2Z. 

2—1 i-mi+1 

We get 

= ^_2^dim/ci diniK 2 _ f -|\deg Ki deg re 2 _ ^_ -ndeg k 2 £ ™\ a, 

because dimKj + degKj € 2Z for j = 1, 2. This completes the proof of Theorem 5.7. □ 



5.3 Reduction formulas 

Suppose that 2g + m > 3 and (g,m) ^ (0,3), (1, 1). For a m-pointed stable curve (£',z') of 
genus g one may obtain a (m — l)-pointed stable curve (£, z) of genus 5 by forgetting the last 
marked point and contracting the unstable rational component. This yields a forgetful map 
F m ■ M-g,m — * -M.g,m-\, P, z] i— > [E',z']. It is a Lefschetz fibration, whose fibre at [S, z] may be 
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identified with the quotient S/Aut(S, z). But one can still define the integration along the fibre 
for it. That is, we have a map 

(JT m ) ( : Q*(M g , m ) -> Q*- 2 (M g , m -i) (5.25) 

that commutes with exterior differentiation d and that satisfies the projection formula: 

(a) (-F to )b((^t) A w) = r A (^ m ) B (w) Vr G fi*(aT fliTO _i) and w € fi*(AT s , m ); 

(b) j^Jjr^Aw = /j C?eim _ 1 TA(^ m )j( W ) forany w G fi«C*T„, m ) and r G ft 6 s- 6 + 2ro -9(A4 s , m _i), 

where the integrations are over the orbifolds. We still denote by {J 7 m )t ■ H*(A / l g , m ,Q) — > 
H*~ 2 (A4g, m -i, < Q:) the induced map. T m also induces a "shriek" map 

(JT ro ), : E*{M g , m -rM - ff*+2(A4 s , m ;Q) (5.26) 

given by k i > PD^o^oPD^k), where P£> m : H*(M g , m ;Q) -» H^+^-* (M g , m ; Q) 
is the Poincare duality. 

Clearly, from (5.26) and (b) we get 

^,oPVi(K) = i'iJra((^)l(K)) and (JT ro )„ o P£) ro = P£) ro _! o (JT ro ), (5.27) 
respectively. So for any a G H*(M g , m ', Q) and [c] G if*_2(A4 9im _i; Q) we have 

((-F m ) s (a), [c]) ro _i = (a, (^ ro )!([c])) m . (5.28) 
The reduction formulas are the following two theorems. 

Theorem 5.8. If (g,m) ^ (0,3), (1,1), then for any k G ff*(A4 g , m _i; Q), «i G ff*(M;Q), 
Qf2) ■" " j a m € H*(M; Q) wrei/i dega m = 2 it holds that 

^Af,m\{^rn)\{^)\ Oil , ■ ■ ■ , tt m ) = tt m (A) • ^^^(k; «1, • • • , Q! m -l). 

Theorem 5.9. If (g, m) 7^ (0, 3), (1, 1), k G H*(A4 gtm ; Q) a^rf ai, • • • , a TO -i are as m Theorem 
5.8 then it also holds that 

SW%£zP(k; ai, ■ ■ ■ , a™-i, 1) = SWjf m J 2 ! ( (.F m ).(«); «i, • • • , a ro _i). 
/fere 1 G H°(M,Q) is the identity. 

In order to prove these two theorems we need a similar map to T m . A stable L^-map (/; S, z) 
is called strong if for each component S s of E satisfying (/ o 7T£ a )*([£ s ]) = G H 2 (M,'Z) we 
have: (i) m s + 2g s > 3, and (ii) /|e 3 is constant. Correspondingly we call the isomorphism class 
[/; E, z] G B^g m strong. Let us denote by 

{B% g>m ) a (resp.(B^ im ) ) 

the subset consisting of the strong stable [/; S, z] G B^ gm (resp., the stable [/;£, z] G B^ g m 
which is still stable after removing the last marked point.) Then A4 g , m (M, A, J) C (B^ gm ) s , 
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and (B^g m )o is an open subset of B^ g m . Carefully checking the proof of Lemma 23.2 of [FuO] 
it is also not hard to see that the domain S of each element [/; E, z] e B^ gm \ (^A. g .m)o nas 
at least two components. Thus B^ g m \ (B 1 ^ g TO )o has at least codimension two in B^ g m . The 
proof of Lemma 23.2 of [FuO] implies the following result. 

Lemma 5.10 Let 2g + m > 3, if {g,m) ^ (0,3), (1, 1) or A ^ then the obvious map T m : 
(B^ g m )o — > B^ g m _ 1 forgetting the last marked point is surjective and may be extended to a 
map 

Fm '■ (BA,g,m)sO ■= (^L 3 , m )s U (^A,g,m)o ~ * ^A,g,m-1 

satisfying 

n g , m -i o T m = T m o (n g , m |( B M m ) s0 )- (5.29) 
Moreover, the map may be regarded as a universal family, i.e., the fibre 

(^ m )- 1 ([f]) = S/Aut(f), V [f] = [/,E,z] e B% g!m _ v 



Indeed, if [/; E, z] G {B^ g m ) s \ (6* 9im )o and E is the component of E containing the ra-th 
marked point z m then [/; S, z] £ Aig iTn (M, A, J) will become unstable after removing z m . As in 
[FuO], /| s has the homology class zero in H2(M, Z) and the genus go of So is zero. Consequently 
either Eo has one singular point and one marked point zt with k ^ m or Eo has two singular 
points and unique marked point z m . In the first case one removes Eo from E and replaces Zk with 
the point where E was attached. In the second case one removes E from E and glues it at the 
two points where Eo was attached. For each case one can get a stable curve [E', z'] in A4 SlTO , and 
/ naturally induces a map /' on E' such that (/'; E', z') is a stable L|-map. Then T m ([f', E, z]) 
is defined as [/'; E', z']. One easily sees that it satisfies Lemma 5.10. Note here it is very key that 
/ is constant on Eo. In general we do not know whether or not the map T m may be extended to 
the space Bjf . For the proof of another claim the reader may refer to the arguments below 
the proof of Lemma 23.2 of [FuO]. In particular, the restriction to A4 g>m (M, A, J) of the map 
T m may be regarded as a universal family. 

To avoid excessive transversality arguments we shall use the equivalent definition (4.14) in 
the proofs of the following two theorems. 

Proof of Theorem 5.8. Fix a compact subset Kq C M containing supp(A™ iOti). As before we 
take [fj] e Mg^ m (M, A, J; K 3 ) and sections : Wi — > Ei, i = 1, • • • , 713 and j = 1, ■■■,<& to 
construct a family of cobordant virtual moduli chains 

C\K Q ) := ]T ^-{ttj : M\{K ) -+ W*} Vt e B r / S (R«) 
less 1/1 

of dimension 2m + 2 Cl (M)(A) + 2(3 - n){g - 1) in W* = U IeA rVj* C B^ gm associated with 

M g , m (M, A, J;K 3 ). Here q = q 1 H \-q n3 . 

Denote by f- = T m {ii) and [f-] = T m ([fi\), i = 1, • • • ,n 3 . As above we take sections s'^ : 
W[ — > E[, i = 1, • • • , 713 and j = 1, • • • , Qi to construct a family of cobordant virtual moduli 
chains 

C\K o y := T*n{*i ■■ M\{K )' -> W/*} Vt e B r E es (R q ) (5.30) 
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of dimension 2 (to - 1) + 2 Cl (M)(A) + 2(3 - n)(g - 1) in W* = U IeA rV{* C ®% g , m _ x associated 
with M.g lTn -i(M, A, J; K^). This is possible by increasing if necessary. 

We now show that the sections Sjj and s'^ can be suitably chosen so that C t (Xo) and C t (Xo)' 
may be related. Note that s'^ — f3[ ■ v 1 - and that v 1 - has the support disjoint from marked 
or singular points on domain £' of f 4 '. So i/- may be naturally regarded as an element of 
L>l_ 1 {A°' 1 (f*TM)), Vij = T^y\-. For given W- we construct a iyinvariant Wi such that 

Wf :=7rr 1 ((B^ Sim ) s0 )nm =F-\Wl) (5.31) 

for the projection 7r, : W, — > Wj C <B^ g m . Then Sf := .F^-E,' is equal to the restriction of the 
bundle Ei to Wf°. We may take a Ti-invariant cut-off function /3j on W/° such that /3, = F^Pi 
on W* . Set = ■ hj then the virtual moduli chains in (5.28) and (5.29) satisfy: For each 
t e B£ es (R 9 ) the set 

M^KoU := M(^o) n (Tr/)-^^^)^) 
has a complementary of at least codimension two in M^Kq), and 

n := FmU l{M \{K ) 80 ) ■■ MM'AKoU) -> tt^MW) (5.32) 
is also a Lefschetz fibration. So it follows from (4.14) and (5.27) that 

^K'lWiW;"!. ' ' ' >M (5.33) 

= E TFT / ( n s.™ ° A (A™ i(ev, o 

= E TFT / ° A ( A ™ i( ev * 

= E / ^ ° n s,™)*«* A (A^itevO'ot)- 

Here the last equality comes from the definition of the integration over the orbifold Tti(A4 t I (K ) s o) = 

M t / (^o) s o/r / . 

Note that ev^ = ev- o T m , 1 < i < to — 1. By (5.29) and the projection formula we get: 

/ {F m o n s , m )*«* A (A™ ^ev^a*) (5.34) 

= / (n 9 , m _ 1 on)* K *A(A™- 1 (ev;onr a *)Aev>; 

J#i(M)(K ) s0 ) v 7 

= / (n S;m _i)*K* a (a-tVOX) a n s (ev^<) 

- MA) / A (a^tVDX)- 
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Here the third equality comes from (5.32), and the last step uses the fact that n^ev^a^J = 
( ev m a m) = a m(A) . Now (5.33) and (5.34) yield 

= E / ° ^ m )* K * A (A™ 1 (eVi)*Q;*) 

= a m (A) J2 [ Km-i)*** A (a^VOX) 

= M^)EiW7 / (n^ m -i0 7K J r«*A(A^ 1 (ev5o^)*a?) 

f^r JM\{K y 

= a m (A) ■ QW^Uk; a lt ■ ■ ■ , a m ). 
Theorem 5.8 is proved. □ 

Proof of Theorem 5.9. Note that (5.29) implies 11$ o (II S;m )* = (n g>m _i)* o {T m )$- As in the 
proof of Theorem 5.8 we have 

= E TFT / ( n ^» A K=i( ev * ° 

= Ei^t/ *;((n,,„)VA(A £l (e T ,). c< .)) 

= E / (n S;ro )* K *A(A- 1 (ev i )*a*) 
j e /y'*/(-M*( x b)«>o) 

= E / (n s , m )*K* A (A^Vi o n)*aj) A ev^l 

iejV'*j(' A/t *( K 'o)«o) 

= E / n„((n s , m )*K*) A (A^VDX) 

= E / (n^O^^)^*) A (a^V^X) 

= E |f77 I ( n 9,m-i ° ^)*((^„)j«*) A (A™ o ^)*a*) 

= ^W^ m J -i((^ r m)*(«);ai ; • • • ,a ra _i), 

where the sixth equality is because II|j((n S;m )*«;*) = (IT g;m _i)* \{T m )^n*). 

Using (5.27) and (5.28) it easily follows that the reduction formulas in Theorems 5. 
can be written as the following versions 



□ 

5.8 and 5.9 



(FMlCKKo; {at}™ i; u>, J, A)]) = a m (A) ■ [(*' (K ; W™! 1 ;^ /x, J, A)], (5.35) 
(^([^'(^{a,}™^^ (5.36) 

respectively. 
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6 Quantum Cohomology, WDVV Equation and String Equa- 



tion 

In this section we shall apply the invariants constructed in the previous sections to the construc- 
tions of quantum cohomology, solutions of WDVV equation and Witten's string equation. Wc 
only give main points because they are imitation for the arguments in [McSal, RT1, RT2, Tl, 
Wl, W2, CoKa] etc. 



6.1 Generalized string equation and dilation equation 



g,m 



The i-th marked point Zi yields a section Zi of the 
■M g ,m- Denote by JC U \ M the- cotangent bundle to fibers of this fibration, and 

the Poincare 



Let hig, m be the universal curve over M.g )m - 
fibration U 



by d = Zi(Ku\M)- F° r nonnegative integers d\, ■ ■ 
dual of ci(£i) dl U • • • U ci(C m ) dm . 

Now we need to define (or make conventions) 



A : g : 7n 



, d m we also denote by Kd lt 



,1) = 



m times 

A ^ 3 (pM ,3];l,l,l) = 

(iU,fl,J) 

A, 1,1 



'([Mi,i];l) = 



(6.1) 



5^ ,J) (Kiil) = 



(M;1) = X(M) 



because these cannot be included in the category of our definition. Here x(-M) is the Eulcr 
characteristic of M. These definitions or conventions are determined by the conclusions in the 
case that M is a closed symplectic manifold. 

Since M is noncompact, H®(M, Q) = 0. So the cohomology ring H*(M,Q) has no the 
unit element. But if*(M, Q) has a unit element 1 € H°(M, Q), which is Poincare dual to the 
fundamental class [M] <G (M, Q) . Let us define 



H*(M,( 



H* C (M, 



(6.2) 



so that H*(M,Q) becomes a ring with the unit. Note that Hl{M, R) for every i is at most 
countably generated. There exist at most countable linearly independent elements {ji}2<i<N in 
H° vcn {M, Q) such that H^ vcn {M,Q) = span({7 i } 2 <i<jv)- Here N is a natural number or +oo. 
Set 7i = 1. We get that span({7;}i< i<JV ) = H° ven (M, Q). For 1 < a, b < N let 



Cab 



if deg 7 a + dcg7 h ^ 2n, 

Im "fa A it if deg 7a + deg 7b = 2n. 
Then by the second conclusion of Theorem 4.2 we have 



GW { Zo% J \[M ,s};l,7a,ib) 





Cab 



if A^O 
if A = 0. 



Given an integer .g > and ^4 e H 2 {M), let one class in {a,}i<,< TO C H*(M, ( 
belong to H*(M, Q). We call the invariant 



(Td l!ai T d2 , a2 ■ ■■Td m , am )g,A = GW^'^ (n dir .. 4m ; ai, 



. a, 







(6.3) 

(6.4) 
iUiP(M, Q) 

(6.5) 
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^(«=£n^(n^)>)> (6-7) 



a gravitational correlator. The m-point genus-g correlators are defined by 

(T dl , ai T d2 . a2 ---T dm . am }g(q)= GW < A,£d ) ( K di.---,d m ;aii,--- ,a m )q A - (6.6) 

AeH 2 (M) 

where q is an element of Novikov ring as before. 

With the given base {7i}i<i<jv above and formal variables t®, 1 < a < N, r = 0, 1, 2, • • • , all 
genus-g correlators can be assembled into a generating function, called free energy function([W2]) , 
as follows: 

n r 

where arbitrary collections of nonnegative integers, almost all zero, labelled by r, a. 

Witten's generating function ( [W2]) is the infinite sum 

F M (t a r ;q) = ^^ 9 ~ 2 F g M (t a r ;<l), (6-8) 

where A is the genus expansion parameter. As in [W2] (referring to the proofs of Lemma 6.1 
and Lemma 6.2 in [RT2] for details) one can easily derive from Theorem 5.9, (6.1) and (6.4) the 
following equations: 

m mm 

r cvn n^'^i) (l) = ^2(jjr di -s i , j , 7a .^ (q) + 6 m! 26 dl ,oSd 2 ,oCa 1 ,a 2 , (6.9) 
i=i 9 j=i i=i 9 

{^Y\T=i T d ulai ) ^ - (2fl-2-m)X)^=i(Il2=i'-*,7. 4 ) fl (9) (R im 

i l (i\/r\x x (o.W) 
+ 2iX{ M )°g,l°mfi- 

Here the integers g > 0, m > with 2g + m > 2, d\,- ■■ ,d m are nonnegative integers, and 
T r . a = if r < 0. As in [W2, RT2] it immediately follows from (6.9) and (6.10) that 

Theorem 6.1. The above functions F M (t^;q) and F^^iq) satisfy respectively the following 
the generalized string equation and the dilation equation: 



OF 



m 2 °° dF M 

dt\ = 2 Cabta ° tb ° + ^ ^ t<}+1 ~dvf 



=0 a 



9F s '-(la 2 + 9 Wm,X(M) 



dt\ 

Moreover, if C\{M) — 0, F M also satisfies the dilation equation 

dF M _ oo 2 ^di^ , X (M) 



i— 1 a 



dF W 2/1, \ \ dF 

1 i=l a 4 



24 



We may also make a bit generalization. Given a collection of nonzero homogeneous elements 
C = {6}i<i<l in i?*(M, C) U H*(M, C) we replace (6.6) by 

(i\Td 1 , ai Td 2 ,a2---Td m ,a m )g{q)= £ G W A,£m+l i K d u - ,d m ! «1 , ■ ■ ■ , <X m , Qq A (6.11) 

AGH 2 (M) 
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and make the following 

Convention: QW^ '^+2^ 1,1, «i , • • • , ct m ) — for any m > whether or not this case may 
be included in our definition category. (This is reasonable if it may be defined.) 
Then the same reason as in (6.9) and (6.10) gives rise to 



m m 



i—l j—l i—l 



m m 



i—l j — l i—l 

It follows from them that 

Theorem 6.2. The variants of (6.7) and (6.8), 

F g M (iK;q) =E nr ,Mr,a^Br(i\Il r , a r^:)M, (6-14) 

F M (iK-, q ) = E g >o^ 29 - 2 F a M m;q), (6.15) 

stiZZ called Witten's generating function, respectively satisfy 

9F M (£\-) _~ sr dF M (£\-) 
94 Z^Z^^+i dtt ' 

u 1=0 a 1 



i—l a 



T/iey are sMZ called the generalized string equation and the dilation equation. Moreover, if 
ci(M) — 0, F M (£|-) also satisfies the dilation equation 

1 i—l a 1 

It follows from the properties of Gromov-Witten invariants in §5 that the gravitational cor- 
relators defined in (6.5) have the following properties (cf. [CoKa]). 

Degree Axiom. The gravitational correlator (Td 1 . ai Td 2 . a2 • • ■ Td m .a m ) g.A can be nonzero only 
if 

E™i(2^ + degc^) = 2ci(M)(A) + 2(3 - n)(g - 1) + 2m. 
Fundamental Class Axiom. Define r 1 Q = 0, then 

( T d 1 ,a 1 Td 2 .a 2 ' ' ' r <i m - 1 ,a m _ i T 0,l) g, A ~ 2wj=l (IIi=l T c*i — <5»,j ) 3, A ■ 

Divisor Axiom. Assume that m + 2g > 4 or A ^ and m > 1. Then for a, e H*(M,Q), 
i = 1, • • • , m and dega m = 2, it holds that 

)g,A = a m {A)(T dl . ai T d2 , a2 ■ ■ ■ T dm _ x ^ m _ x )g t A 

m—1 

+ y ' ( T di,ai ' ' ' Td j _ 1 ,a j _ 1 T~d j _ 1 ,a j -iUa m T d j + i,a j + 1 ' ' ' T d m _ 1 ,a m _ 1 )g,A • 
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Dilation Axiom. If 2g + m > 3 then 

(Tl,lT duai Td 2 ,a 2 ■••Td m ,a m )g,A = (2.9 - 2 + m) {r dl >ctl T d2 , Q2 ■ ■ ■ T dm , am ) g,A- 

Splitting Axiom. If dim H*(M) < +00 and a\,a m £ H*(M,Q) then 

{ T d u a 1 Td 2 ,a 2 ' ' ' T d m ,a m )g,A = E] 

where 5%, m^, fc = 1,2, {/3i} and are as in Theorem 5.7. 

6.2 The WDVV equation 

In this subsection we assume that 

dim H* (M) < 00. (6.16) 

Let {(3i}i<i<L be a basis of H*(M, Q) consisting of homogeneous elements as in Theorem 5.7. 
We may assume them to satisfy that deg is even if and only if i < TV. Let a = {ai}i<i<fc be a 
collection of nonzero homogeneous elements in H* (M, C) U H* (M, C) and at least one of them 
belongs to H*(M, C). Putting w = J2 UPi S H*(M, C) we define a-Gromov-Witten potential by 
a formal power series in q, 

<W™) = E E A^AT fc + ) m ([^o, fc+m ];«, W ,---, W )9 A . (6.17) 



m! 

AGff 2 (M) m>max(l,3-fc) 



To avoid additional technicalities in using superstructures we only consider the case w = J2iLi 
e W = # cvon (M,C). Taking the third derivative on both sides of 



W«o = EE E ^ ( 6 - 18 ) 

AeH 2 (M) m>max(l,3-fc) l<»i,— ,im<N 



one gets 



dtidUdta ^ ^ ^ ml 

3 AeH 2 (M)m=0 1<i 1 ,-,i m <N 

Q^AfiA+m ( [M>,fc+3+m] 5 S, A, ft , /?a, fti , • • • , Pi m )*« ■ ■ ■ t im q A . 

It immediately follows from this and Theorem 5.7 that 

Theorem 6.3. For any specified number q the function &(q, a ) satisfies WDW -equation of the 
following form 

^ dtidtjdtr 1 dt k dtidt s ^ dUdt k dt r ' dudtidt s K ' ' 

for 1 < i, j, k,l < N, where n rs = J M u r A uo s as in Theorem 5.7. 
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By the statement below Theorem 5.7, &( q . a ) satisfies the ordinary WDVV equation if M is a 
closed symplectic manifold. 

Remark 6.4. The idea to prove (6.19) is that using Theorem 5.7 and the direct computation 
show that both sides of (6.19) are equal to 

oo n 

y^ y-y^ y^ 1 

^ *-~t m\(n-m)\ 

AGH 2 (M) n=0m=0 l<ji,- ,j m <N v ' 

By the skew symmetry of Gromov-Witten invariants it is zero if some clement of a has odd 
degree. Therefore (6.17) is interesting only if a consists of cohomology classes of even degree. 
Later we shall always assume this case without special statements. Clearly, (6.17) gives rise to 
a family of new solutions of the WDVV equation even if M is a closed symplectic manifold. 
The reasons to introduce a-Gromov-Witten potential are that on one hand wc need to require 
w £ H*(M, C) because of the composition laws and on the other hand the definition category of 
our Gromov-Witten invariants requires that at least one cohomology class belongs to H * (M, C) . 
Moreover, if we assume [3\ = 1 it follows from Theorem 4.2 that all terms containing ti at the 
right side of (6.19) are all zero. 

Following [RT1] we define a family of connections on the tangent bundle TW over W as 
follows: 

v-E(f-&"H^)!-^ (*»> 

l,j J k,l J 



for a tangent vector field v = ^ v1 ~qt~ m TW, where rj is as in Theorem 6.3. It is easily checked 
that V e o V £ = is equivalent to the above WDVV equation (6.20). Therefore we have 

Theorem 6.5. {V c } is a family of the flat connections on the tangent bundle TW. 

More generally, let {£»}i<»< m C H*(M,C) U H*(M,C) and at least one of them belong to 
H*(M, C). For nonnegativc integers d u ■ ■ ■ , d m and for w = Y]^ 1 Ufa G W = H cvcn (M, C) we 
may define a- genus g couplings 



(6.21) 



and a-genus g gravitational Gromov- Witten potential 

$ (<S } H =E A eH 2 (M) E m >max(l,3-2 fl -fc) ^9 W A^k+ m («<ii ,- ,d m 5 «, W, ■ ■ ■ ,w)q A , (6.22) 

and study their properties. We omit them. 
6.3 Quantum cohomology 

We still assume that (6.16) holds. Let H2(M) be the free part of H^iM, Z). So far it has a finite 
integral basis A\, ■ ■ ■ , Ad- Thus every A G H 2 (M) may be written as A = r\A\ + • • • + r^A^ for 
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unique (ri, • • • , r^) £ Z d . Denote by qj — e 2vlAi , j = 1, • • • , d, and by g" 4 = g[ 1 • • • q r d d . Following 
[HS1, RT1, McSal] an element of the Novikov ring A^(Q) over Q is the formal sum 

AeH 2 (M) 

where the coefficients A^ £ Q are subject to the finiteness condition §{A £ H 2 (M)\\a ^ 
0, ui(A) < c} < oo for any c > 0. The multiplication in this ring is defined by A * \i = 
2 a b ^a^bQ A+B ■ It has a natural grading given by degq A = 2a(A). Denote by QH*(M,Q) = 
ff*(M,Q)® A W (Q). 

Let {P l } 1 < l < L and a be as in §6.2. For a,/3 £ H*(M, Q) we define an element of QH*(M, Q) 

by 

«*a)8= E E^Sf^.s+^a^Wij^ft/. (6.23) 

AeH 2 (M) i,j 

More generally, for a given w = ^2f =1 Upi £ H*(M,C) we also define another clement of 
QH*(M, C) = H*(M, C) <g> A W (C) by 

«*(*«)/> = E EE^ (6-24) 

Aeff 2 (M) fc,J m>0 

G^A,o%+k+ m ([Mo,3+k+ m };a, a, p, p k , p h , • • • , ftj^'ftt,, • • • * im g A , 

where e({tj}) is the sign of the induced permutation on odd dimensional /3,. Clearly, (6.23) is 
the special case of (6.24) at w = 0. If tu = J^Li UPi e ff*(M, Q), i.e., e Q, i = 1, • • • , L, then 
a* w p £ QH*(M, Q). We still call the operations defined by (6.23) and (6.24) "small quantum 
product" and "big small product" , respectively. However, it is unpleasant that both a * a 1 and 
a*(„ )W )l are always zero by Theorem 4.1. After extending it to QH*(M, C) = £f*(M, C)(g> A W (C) 
by linearity over A W (C) we as usual can derive from Theorem 5.7 

Theorem 6.5. Let w £ H*(M,C) and a as above. Then 

(a *(a,w) P) *(a,w) 7 = a *(a,w) {P *(a,w) l) 

for any a,P,j £ H*(M,C). Consequently, QH*(M,C) is a supercommutative ring without 
identity under the quantum products in (6.24.). 
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